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Infinite Series and Arithmetical Functions. 

Bt Prof. P. Hali.bb«u. 

{Oontinued from p. 186, Vol. IX.) 

III. Laguerre*s serias. 


12. I DOW pa93 on to the interesting senes 
00 oo 

^ / (”) J ^ ^ I * I <1 

n = l tf=l 


... (12.1) 


(12.11) 


where is tbe " nnnierical integral ” of f(n) 

to = /(rf). ... 

d: n 

the sum being extended over all divisors d of n. The formala can 
easily be proved if the left side is developed in a double series. 

We know then from the theory of numbers, that 

/(»)= - 

9 


d : w 


(12 12) 


a formala proved by R. D^dekind* .and J. Lioovillet. 
(12.1) may therefore be written in two ways ; 

« = 1 » = 1 d: n 

CO 

■■■ 

n = l d-.n 


• • • 


(12.13) 


(12.14) 


13. 8ovie Special Oaeea. 

For /(»):= 1 we obUin Lumbort’s aericB 

i.Ki 

■ J. reino aoKew. Math. 64 (1867), p. 1. ' 

t J. math, pates sppl. (*) 3 {\96T), p. no. 
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Od the other hand, knowing that 


y;j^„ ^r^^log (ji_) ,Oesir„], 


... (13.11) 


n=L 


n 


we may eipeot that, as t{k) is an increasing function of n, 

h = l 


n 


^ t(ft)=n log n + 0(n) 

h = l 

In fact, Diriohlet has proved that 


(13.12) 




^((/i) = n log n + (2C — l)» + 0(Vn) 
ft = l 

C being Euler’s coc-^tant. 

For /(«)=«, we have Baler’s result 

2 = i: «"/(") 

n = 1 >» •= 1 

where /(») denotes the sum of the divisors of « 

Thus 

00 


(13.13) 


. 1 ®|< 1 . 


(13.2) 


(1-.) 2^ 


nx 




_xf{i)+jW)±^ML± 

l + x+*’+. » + 2**+3»’+... 


(13-21) 


...(13.32) 


nsl 

Now Dirichiet has proved, that as n , 

n 

1] /W = ^^’ + 0(» log n), 

A = 1 

and we ^ee, because of a theorem of Cesiro, that the right side of 
(13.21) cannot oscillate between wider limits when ar>l than does 

+ 0(n log n) 

T ; , whcn fl->00 , 

I «(»+!) ’ 

w 


vt’w’ 


12 


which expression approaclies — . 


Hence wc obtain 


Cf. 



\ Hx" n’ 


1 


« = 1 


6. -.(I -a/ 


... (13-23) 


when -^1. 
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It seems howeTer, that possibly -nVlS should '»e replaced by 'nVS 
in formula (13 22), which is taken from “ Encycl des sf-iences math.” 
Tome I, vol. 3, p. 355. In fact, on )•. 359, >*''^(r+l)i« giren as the 
“ asymptotic mean*valne ” of the sum of the r** powers of the divisors 
of a positive integer n, that is 

n 

d:h 

a resalt attribated to E. Ces^ro. L. Gegeobnoer and L. Krooecker. 
Hence the result for rzal should be « ^V6i while (13 22) gives n 71712 
-n* . 


^ is obviously a mispnat. Another obvious misprint is “ jt4a</ra- 

ttques^* instead of ^^cubiques ** on the same page (359) of the “ Encycl.*' 
line 6 / bf)* ^ have neither seen any of the original memoirs in question 
nor as yet taken the trouble to verify the results, and I ao) tbereforo at 
present not in a position to judge, where the mistake lies.* 

It is however easy to verify another formula, also given on p. 359 
of the Encycl./* viz, : The asymptotic mean value of the sum of the 
inverted valnes of the powers of the divisors of u equals 1 )• 

In fact 

^> — 1 n = l d : n 




Thus 


00 


n = l 

and hence 




n 


-^2:2;^ 

h = ld:h 


00 


2 ] =>;('+ 1 ). 


n = l 


as 


(smce the loft side is an inoreaHing fonotion of n, 
tend to infinity, thus having, a definite limit). • 

If we pat 4'(n) = '^(n) w© get 


(13-24) 


and cannot 


»* = 1 n „_1 


I <1 


(13,3) 


(*)8iDoe the above Waa written, T have proved that T”: 

correct one. The proof will be given in the fonomns.^ Dinchl.t . ro.ult i. the 



258 


Now Dirichlet has proved, that 


t) 


^^(/,)=^+0(n-) 

k=l 

where 5 lies between 1 and 2, while according to F. Mertens 


« »• 


(18.31) 


n 


^ <f:(A)=^^ 4 . 0 (n log n). 
h^l 


4 » 4 


(18.32) 


Hence 


00 


1-1 


n = i 


1+*+**+...+ 




2 ( 3 ) 


<t : n 

_ ct(l)x+<tf2)»*+.t(aig*+... 

a:+2x*4-3sB*+... 


(13.33) 


whence 


00 


n^l d : n 

when »->I. 

We know further that p(n) is the numerical integral of fL*(ft). 
Thus 


(13.34) 


CD 


00 


n = l n^l 

Since now Mertens hns prored that 

n 

6 




(13.4) 


^ p(A)x:^n logn+0(») 
A = 1 


...(18.41) 


or more accurately 

fl 


^=2 


+o(v*» 103 **) 


...(13.411) 


wo have in the usual Tnanaer, and by the aid of (13.11) & 13*12), 


n»l 


when 0-»l. 
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Combining (13 11) and (13'42), we have also 


oo 


« = 1 n=.l 

from which we conclude, comparing (13.13) and (13.411), that 

V log'* 1 


n=::l 
when 2 ^ 1 , or 


X 


A =2 




2T(fV'(.o-i)=i^ . 

n=l A=1 

provided the series to the left converges. 

Putting/ (n) = (-l)i ('*”1) , „ odd 
/ (") — 0 , n even 


we obtaiu 


X 


X 


” 1 « = 1 d';n 

(f taking the values of all odd factors of «, 

Since w*e have 

( £ , -p* \ TT 1 

Vi— a 1— ‘ 4 nr^’ 


!■ 


- 1 ) 


M we obtain 


u 


where 


* = 1 


■n 

4' 


[Bromwich ; p. 1 


d :n 

(provided this limit exist h). 

Now, howover. A. Berger • ha, proved, that 

Lt B(l-)+EC.d) + ... +E(2m-1t 

2^r:ri 




w 

4* 


... (13.5) 

. (13,511 

. (13.52) 

. ( 13 . 6 ) 

■ (13-61) 

[Cesdroj 

’2.(21).] 

(15-62) 

(13-63) 


• Aou math, ft (1880/7), p. 301 


(13.631) 
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from which we conclu^le the oorrespoadinij 

E( 2)-r-E( 4) +E(2m)^^ 




2m 


... (13.64) 


^ con^^equeDce of a form k hi (hy J. fjioiiviUet) we have al^^o 


. (13-7) 


(138) 


i] ^■' S G) 

n — I u (I : u 

Fiom the relation 

^V(j) =/{»*) 

d : n 

it follows further i or f{n) ^ p{n), that 

‘•/j 'lO 

W(»)£^ \ \{n*y\ 1*1 <1 

^ 1 -*" 

H = \ a = 1 

U. For the valne-» /(..) = jA(r.). /(,.) = .t(n), the right side in (121) 
t>ecume' i* rutionul fuuction. We have in fact in tlie first cast 


... Il3*81) 


... (Ul) 


(1411-) 


^ 1 — c" 1 1 

n = l 

because of the well-kaown (ormula 

^'p.(.i)=0. «>1. 

t{ ; f* 

H is worth noricing that the same series is obtained hj ^-lorer- 
sion of the Kcoiir triral progro-ston 

OCt 

y *". 

n^l 

If wo sam t),u iav.rto.l .cries Dcfore rcarrseging "» 

„bt«.n the forninle (4 21) n.is is ogam a eooscqneocc of (14 1 ). 

If we take the limit s^'^1 mnlliplical.oo by 1-r. the 

result is (1 113). 

In the secood case wo hare 

V , (-(■') ( ^ ) = i; I - ' 

^ l-'X j. „ '' ' — 


n = 1 


n:=:l 


f J, math, puroi appl 
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Botas ^ <#)((i)=n, we liaTe liy 


d n 


■■■ 




d : n 


and hence 


CO 


Zjd-^xV^ 


n = 1 




.. (U-22) 


Hence we baye also 


Vj 


V _1_ 


... (14-23) 


n si 


when x-^l, which may be regarded as a complement to the equation 

^(*-i)_ V *<") 

Hs) ' Zj n> ' 
n= I 

in the theory of Diriohlet’s series. 

/('•)=^<-(n) log n. 

It appears, that the numeri- al integral in this 0 

= - VCn), 

d : n 

(a fancMon which has been czacincd by N. V, Bcga]eT), where V(a) = 

log p ,l „ a power of a prime p, V(„) = 0. when „ oontaioe two or 
more dxstinot prime factors, and V(1)=0. 


case lA 


(15 1) 


CoDseqQentlj 

CO 


S lop = - V V(,Or», I 
"=1 ., = 1 


a I <1. 


(15-2) 


from which follows 

CD 


2 /^(n) log: n 


a 


*••1 


nr^r-TTi^, =_I(l)f±!(2)i+.T(3)»'+ ... 


(1521) 


2 



262 


By Cesarbs theorem we see that the fraction on right fide 
cannot oscillate between wider limits, when x ^1, than does 

n 

1 ^ v(A) when u x . And de In Vallee’ Poassin®) an>l T Hada- 
n 

h^l 

mar<l^*) have proved, that the last fraction tends to 1, we have here a 

new verification of the theorem 

X •••) 

... (lyi) 

n = 1 



16. The arithmetical function, whose nuitierical integral t$ (n). 
We have becanse of (12.14) for 4^(n) = p-(n) 



dm n .= 1 


... (16.1) 


Pat for brevity, 

■" ...(16.11) 

d : n 


By considering all different oases >vhioh may arise, we see that 
^'(n) has the following [troperties: 

p.'(»»)=0, 

if n is divisible by a cobc other than unity. 

p.'(»’) = l, if 

that is if n is not divisible by a square other than unity. 

^'(u) = (-2)^if ^(..) = (-l)". ■ 

that is if n is not divisible by a . square other than unity, and k i« the 
Dumber of prime-factors in n. 

— 2)^ 

if ni>l,n,>l are prime to one another, neither being divisible by a 
sqoare other than unity, and k^ is the number of [)rlme* 
^actors in n, ... ... ••• ••• (16‘12) 

Let now 

n 

<r(n) = ^ |i.(r) ... ... ... (I6’2) 

r = l 

* Ann. Soo. Scient. Bruxelles 203 (UJOB 6). p. 261. 

••) Bull. Boo. math. Franco 24 p. IU9. 

*•) 0. B. Aoad. So. Paris 129 (1899), 'p. 812. 
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It has been coDjectorec), that always 

I <r(n) I < I v« I . ( 16 , 21 ) 

the proof of which would have far*rcaching consequences, 
forDishing in particnlara proof of ilie famons proposition of Riemann 
that the imaginary roots of the equation 

all have R while it the latter conjecture were proved correct, 

it would follow, that for n large enough 

I «-(n) 1 , 

where 0 is a certain number less than ^•). It, would also follow, that 
the series in formola (1112) is convergent for R («)>0. •) 

At present we k now onlj. that the order of <r(»») is not greater 

than that of n « “®V log n ^ 

(^Landau •]» which however ib sufficient to 
find the value, if it exists, of ihe series 


00 


V p-'t”) 
« = z 

In fact we have by (16’1) 


X 




.*'-1 








x+x»+**+... 


(16-3) 


limitt'whth' ate'nif ^ equation can only osoiUate between 

which are not greater m absolute value than those of 

ne^<^y/ log n 


n 


»« » -> X , ,M. l.,t .xp. e„lo„ lend, l„ eern, ivo may eonjeoture 


X 


2 


n = l 


(164) 


BVom the general fonuula lu the theory of Dirichlofs series 

R _ 1 ’ 2j n* ’ 

- » = 1 n = l 

' ) Mat, 


... (16-5) 
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where the series are convergent, f (n), g (n) any given arithmetical 
functions, and 




• •• 


(16-51) 


d : n 


it follows for f=g=iL 

GO 


V J- 

^ n* J Zj n“ C = 


n = l 


Thus 


» = 1 


00 


(16-6) 


(16-61) 


2 '^=^ 

»=1 a=l 

[Bromwich, p. 494 Ex. 45 (2)]. 

and consequently, if we put 

p(») = 2j/<.V)((g) = 2jV'(5)'W’ - 


n : d 


d ; n 


CD 


we hare by (lti‘51) 


from which we coaoiude 


» = 1 

/o(rt)=0, for M>1 


■ ee 


... (16-7) 


... (161) 


The formula (16'1) could also have been obtained i through 
ji— inversion of (14-1). 


('jf’o be co;ttt?iuec/.) 


Double Llues- 

By M. Bhimasena Hao 

[ rijii uol« ia in oouiiuuatiou of the Autbor'a Note on'* l>oublo Fointe ' en 
page 19, Vut. IV of the Joerual.} 

Let ABC and A'B'C' be any two triangles and P and the mean 
centres of A, B, C and A\ C' resjiectively for any common system 
uf multiples. 'I he line joining any two jioints P and Q corresponds to 
the join of P' and I'lie bclf corresponding linos may be called the 
double lilies of the triangles. The line at infinity is evidently a double 
line. 
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2. To find the double lines. 

Let D be the doable point of the unaugles. Divide All and A' U 
in the same ratio at X and X'. DX and DX' are corresponding lines. 
X and X' divide AB ami A' B’ homographically. Hence 1) X uu<l D X 
are conjogate rays of a homographic pencil whose double lines aro 
the double linos of the triangles. 

3. The double lines are evidently the tangents from D to tlie 
parabola inscribed in the quadrilateral ABB'A . Hence the thrco 
parabolas inscribed in the quadrilaterals ABB^A’, BCL'B' andCAAC 
have two tangents in common which arc the double linos of ABC' and 
A'B'C', and the line at intinity which is also a common tangent of the 
parabolas is also a donlile line. The inte^^ection of two double lines 
is a double point. It follows therefore that any two triangles liave t « 
general'' three double lines, and three double points two of which arc at 
infinity. Denote these two points by D, and D,. 

4. When ABC and A' B' C' are direcHy similar triangles, D, and 
Dj are the circular points. The following properties can bo easily 
inferred by orthogonal projection- 

(i) The conics ABC D, Da and A' B' C' Dj Dj are curreapoiiding 
curves. If X be any point on the former, lines through A’, IV, O' 
parallel to AX, BX, CX intersect at a point X’ on the latter. X and X' 
are not corresponding points of the triangles. 

(ii) If P. P' ami Q, Q' be pairs of corresponding points, and P 1’’ 
and Q' iotor.^oct in 0, the conics PQD D, D, and Q' U D, Dj me 
corresponding curves passing throogh 0 and are tlie loci of correspond- 
ing points whoso join passes through 0. 

5. To find the condition that the double lines are at right angles. 

In tliis case D is on the directrices of the three parabulus AB B'A', 
BC C'B', CA A'H', ts., on the radical axes of the pairs of ciicles de- 
scribed on AB', A B ; BC', B'C ; CA', C’A ; as diameters. If X ami X' 
be the mid-points of AB' and A'B, wo have 

DX’-DX (AB'^-A'B*), 


DAHDB'»=2 DX*+ 


AB' » 

2 


DA'> + UB“ = 2 DX'*-H^** 

In particular, when A A', D B' and C C' aro parallel, any line par aluTTo 
theio ii a iioublo Uou and any point on tboaiit of parepactivo of ABC and A' B' V' 
U a doablo point. 
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(DA»-DB»)-(DA’»-DB'*)=2 (DX»-DX'*)+i(AB'»-A'B») 

= AB'*-A'B>. 

Adding two similar resnlrs, we have 

AB'= + BC'*+CA'^ = A'B-+ B'C*+ U'A*. 

showing that the triangles ABC and A'B'C' are orthologic. 

Given that ABC and A'B'C' are orthologic triangles, it oan be 
shown by a rearrangement of the steps that the radical axes of the 
three pairs ot circles described on AB' and A'B ; etc. a? diameters co- 
intersect, but it does not follow that the point of intersection is the 
doable point of the triangles. 

That the triangles should be orthologic when the doable lines are 
at right angles follows immediately by the application of the hrst pro- 
perty of §4. ABCDiDj is now a rectangular hyperbola which passes 
through U the orthocentre of ABC. Therefore lines through A', B', C’ 
parallel to AH. BH, CH, i.e., perpendicular to BC, CA, AB are con- 
current on the rectangular hyperbola A'B'CD,D. and for a similar 

reason perpendicuUrs from A, B, C, on B'C', C'A', A'B', are concarrent 
on ABCDjDj. 

6. Given that ABC and A B'C' are orthologic triangles, to show 
the double lines are right angles. 

Lot the perpendiculars from A, B, C on the corresponding sides of 
A'B’C' intersect at S and the perpendiculars from A B'C' on the sides of 
ABC, at S'. Ihen S and S' are corresponding point of the triangles.* 
Let L and L' be poiiTtj- at infinity on BC and B'C' and AS, A'S' inter- 
sect the lino at inbnity in M and M'. Since corresponding lines cut the 

line at uifinity homographically and D, and Uj are the double points of 
tliis ruQgc ^so have 

(D,D,, LL') = (D,U,, MM'). 

L.L') = (B,D,, M'M). 

;j (D,D,, LM', L'M) is in involution. 

This is poU.ted out by GallatJy ii, hi. MocUrn vid, paReSe. The 

fpUowinK IB a ^(jouietrical proof 

Lot T bo the iao^onal coujotjaie of Sand XYZ the podal triangle tf T with 
re.poa ioABC. S and T are correspoudi.s? pointa of ABC and XYZ. (Apply 
Ex. 7 (a) and 1 1 pp. 88 and 89 of M'clon«i.d . Goomoiry of the drolo). The Bid., 
of XYZ being at riKht angtee to SA. SB, SC. the triangle. A'B'C' and XYZ ard 
hoinotbotic, TX, I'Y, TZ being parallel to S'A’, S'B', S'C', T and S' are oorro.pone- 

AMand ^ S' ore oorre.ponding point* of 
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Bat L and M' are points at inSoity indirection at neht antrles as 
also L' and it. Therefore D, and D. are j)oints at infinity in direction 
at right angles, i.e , the doulile lines are at right angles. 

Since ABC SD|U.. is a rectangular hyperbola, the double linos are 
parallel to the pedal lines of the e.vtremetiea of the circiun. diameter of 
ABC through the isogonal conjugate of S. 

7. houhlf point of pe>'$pfctii:i triunijhf. 

Consider a triangle AltC and its conjugate triangle A'B'O'with 
respect to:a circle whose centre is D. It is well kn'.wn tha' the tri- 
angles are in p.T'pe.-tive ami also nrtholoui j, the points S and S' deter- 
mined as in ^ 0 being coincident at the centre D which .shows that the 
centre is the do ,ble point, ami the rectangular hyperbolas ABC!) and 
A B C n intersect at the centre of |)erspL*otive and al.'o on the line at 
infinity. |5y orthogonal projection we have, 

(1) llie ilonble point of two triangles in perspective is the centre 
of the conic with respect to which they are conjugate (Q. 367). 

(2) Tho double linos are conjugate diameters of the above conic 
(Q. 374r, (2)), and if 0 is the centre of per.spective. 


(3) The conics ABCDO and A'BC'DO intersect the lino at 
infinity in the remaining doule points (Q. 374. (1)) and are the loci of 
corresponding points whose join passes through 0. by th- second 
property of §4. (Q- 374. (4)). If. in addition. ABC and A'B’C' be 
orthologic. S and S' being the points of concurrence of the perpendi- 
cnlarsfrom the vorticies of either on the corresponding sides of the 
other, the conics AB JDO and A'B C'DO are rectangular hyperbolas 
passing respectively through S and S'. Since S and S' are correspond 
ing points, they are collinear with the centre of perspective (O (>43i 
The fi.st r--snlt of Q. 340 is an application of this property 

y. Besides (he application and illu.stration.s of the theory of double 

points and lines given in tho above questions set in the .Tonrnal. the 
following are adde<l. 


(1) Ihe .loublo lines of the pedal triangles of any two points P 
«nd P with respect to ABC are the pedal lines of the points in which 
PP intersects tho circumc.role of ABC. -When PP' passes through the 
mrpmeentro. the pedal lines are at right angles, and therefore thi 
p « a triangles of P and P are orthologio ; and conversely if the pedal 
fogies of Pand P' are orthologic. PP' passes through" the™! 


PBATa? COLLEGfi LliiilAU;, 
oRINAGAR. 
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(2) If XYZ and X'Y^Z' the pedal triangles of P and P' on a 
ciro'im-diainoter of u triangle (he radical axen of the thr*'© pairs of 
circle?* doscril)ed on XY' and X'Y, etc., as diaaieters are concarrent on 
the nine point circle at the orthopolc of PP" (Q 239 is a jiarticalar case 
of this property). 

(3) Let P, P' be corresponding points and L, W corresponding 

lines of* tNVo orthologic triangles F. F\ Then the perpendicular from 
P on \> con«*idored as a line of P corresponds to the perpendicular from 
P' on li. Inversely similar triangles are orthologic. For inversely 
similar triangles we linve an additional j>ro|>erty, viz., the parallel 
through P to L' corresj^onds to tlie parallel through P' to L, given by 
Lachlan ; Oeoraetry^ Ex. 1, § 222. 

(4) Lm A'B'C' be the pedal triangle of Pwith respect to ABC. 
To the oircutiicircle of ABC corresponds a circum-ellipse of 

'] hi> ellipse is ^he locus of orthopoles of lines through P with respect 
TO ABC. The clouhle lines being at right angle.s give the directions of 
the axes of tlie ellipse. 

(5) If two conics having the same axes are such that triangleB 
inscribed in one are circumscribed to the oflierp the normals at the 
points of contact are concurrent. [A well known property.] 

For if ABC be an inscribed triangle and A', B\ C' the points of 
contact, ABC and A'lVC' are conjugate triangles with respect to the 
.^ocond conic, the double point is the coi.imon centre of the conics which 
therefore arr coiTes)»on<ling conics, the common axes being conjogate 
fliamcterr> of the conics arc the <1ouhle lines, and these being at right 
angles, the triangles ABC and A'lTC' are orthologic* etc. If a concen* 
trie conic be inscribed iu All'C', the normals at the points of contact 
are also conenrrent. 

(b) To project orf h'^gonally orthologio triangles into orthologio 
triangles, wo have only lo take the base lino i^nrallel to a, double line. 
If inversely similar triangles be projected into orfholoi^ic triangles, 
thes^' latter will also bi‘ inver.sely similar, for the doable points andianj 
two correspomling j)ointstoD the line at infinity, of inversely similar 
triangle** form a harmonic range — u property unaltered by projection. 


(To ht' c^ticiudetl). 
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SHORT NOTES. 

Note on Question 735 

1 . The following jiner.*? mult muy ho of interest : 

Let (r„, 0„) he the point of the wth peilal corresponding to a 
point (r, 9) of n curve. Then 

f^=0ii + «(v;‘»T— 4) : ftin'V. 


Aleo 


Now. if C„ is the entire circaniference of the nth pednl, we hat e 
C„=|r„+,(i0„»i= |r sin"+'^((iG+ 

[J.I.M.S.. l»J6,p. 137.) 
C„+i‘=j£i*„+,=j coaeo <M0„+, 

= jr sin ’'*H{dB + irr2d<t.) 
c„+*— C =J r 

and (,+2 C„-(n+l)C„.,,=J r sinV<^ dQ ; 

whioh TQhj also ba written 

(w + l)C„— If eJn 

^ I 

C«+2)0„-(n + l)C„+,=J p 8;n"+*.|di(jJ' 


« • 


8. For the particnlar case of Q. 735, we w 


rite 


dips: 


abia. 


where a is the eccentric angle of the point (? f ■ v 

conjagateto r. Thus ^ ** ^^di 

U+1)C,-„C„,,= aWa 


QS 


and 


j" rV’*+»“’ 

(n + 2) C„-(n-hl)ir„^,= ril*, oida 

J rtfc f"+V "■^’5 — 
J ;." + l ^ 


4 
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»b 0,— l.'-t in th* above, we have 

C.-J — 

\ibrda 


wbfDea 


•inca 


n - I 

2C.-C., = Jv/a 


2 C.-C. = |^ia 


“*L*, 

'r»' 

abda 
r 
r'da 


c«=r 

3Co-C_, = (a*+fc*)|^ 

C_,(C,+ C_,) = (3C,,-C_,)t2C„-C,) 
("da r<io_j'da* (‘da*__r(i^ (d^ 

)T J;7»“J /' J^'“J r' Ir^r'- 


M. T. Nibaniixoa». 


A Note on Question 837 * 

1 . In the Annual Progress Report for the year 1915—16 of the 
Superintendent, Hindu and Uaddhist monuments, Northern Circle, 
mention is made of a magic square found on the underside of a 
lintel at the shrine, locally known as chota Surang, at Dudhai, Jhansi 
Disrict. This templet probably belongs to the first half of the eleventh 
oentnry A. D. The Square is as follows : — 


1 7 

12 

1 

14 1 

. 2 

13 

8 

11 

^ 1 • 

1 

3 

10 

5 

1 

9 

6 ' 

15 



The Saperintendent remarks ; — 

“ Mathematically it is interesting as possessing the following pro- 
pertiee:- (i) the sum of each row. each column and each diagonal is 34, 
(ii) the sum of all the numbers in each sub-square also 34. 
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Since (i) is (rue not only of the leading diagonals, bat also of 
broken diagonals, the square is of the type known as pandiagonal (see 
Pair* Mathematical Recreations,* p. 156). (ii.) however is not an 
additional property as is tvidentK supposed by the writer, bntiea 
consequence of (i). In fact if wc divide any even Magic square into 
four groups of cells which we may represent by A,B,U,D as below 

, A . B 

I 

C D 


and if U be the constant sum oi lovs.- >i . 1 columns, we clearly have 

A + B=— =A+C .‘.B=;C and A=D. 


but in general Ad^C or B 

If however the square 
show that wo havs 


>8 of the pandiagonal type, it ia easy to 


A=B=C=D= _ 

’4 

Now m a panJiagonal square wc may clearly alter the order of 
«ther rows or colemn, oyol.oally without l„ei„g the properties of the 

S/ 4 oIll ^ " “"S’ eubequare of 

hM .Imed" the four centre cell,. It 

.rceTtT. r of pandiagonal equaree 

emce .t .. not mont.oned by Ball and is clearly nnknown to the writer 

donrnal wr;T^;c:L:tr7‘‘:Llqte""“‘““ 


n in rows, 

niee. 

one 

in c 

1 

' 16 ' 

10 

S 

12 j 

6 

.3 

1.3 

iT 

« 

Ifi 

1 

' 2 

14 

4 

to 

5 

11 


(U) 


• Tka laferaDM, in ,ii to tha afibldTti^ 
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Subtracting unity from each clement of (II) and then replacing 
each element nfstiy) so obtained by Vi" we obtain the following square 
which is clearly a solution id Q. 837 

1 2» id- 2' I 

aii) 

2 ” 2 ' 2 * 2*0 

This solution dilT.-rs from any of flie doubly infinite set obtained in 
J. I. M. S. vol. ix p. 161 in that in (III) all tlie 16 elements are different, 
whereas in the previoos solution there were only 8 distinot elements 
each repeated. Denoting the elements by a„..b,,i,,...and a,.a,.(i,. 04 =* 
we have 16 relations connecting 17 qaantities bat the eqaations are in re* 
aiity equivalent to only 14 independent relations ; if therefore, we assign 
particular values to any two of the qaantities we can still assign any 
arbitrary value to the quantity ft and obtain a solution. It does not 
follow however that the solution so obtained will be in positive 
integers. For example suppose ft is prime, then the only possible 
solution will have one element in each row=ft and all the others unity ; 
it most be one of the solutions of the problem of placing 4 queens on a 
chessboard of 16 cells so that no queen can capture any other— there 
are two solutions of this problem (see itall, loc. cit. jj. 114), but 
although they make the prodnct of rows and ooluma8=ft, they break 
down for the diagonals, hence there is no solution in positive integers if 
ft is prime. 

I'lic sulutiou previously given in J. I. M. S. is not the most general 
solution, the values obtaiued \,=2 are only one set of possible 
values. 

3, The question wrises whether the solution (III) is the only 
solution in which the cells are ocoiipiod by distinct integers. It is not 



so at may be seen as follows 

The square (II) »s the sum of the two squares 
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provided »/i=4 ; but each of these squares is n iiandiagonal magic 
square for all values of />», aud iience so is their .■'Utu. But in the sum 
the cells o, and Ci are occupied by the no*. 1 and Z for all values of m, 
hence adding the two squares, subtracting unity from each element and 
replacing each element so obtained by the corresponding power of 2 we 
obtain the square 


1 1 


1 



j 2’''+* 

OJ 

2^1 

0"‘+2 

1 

! 2^" 



j 

2* 


'•>»”*+ 1 


which satisdes the conditions of the problem whatever the value of m 
and provided ni>3 the cells are occnpied by 16 distinct integers in 
this way we get a singly inGnite system of such solutions. 


4. Any factor of k must occur as a factor at least ouce in every 
hoe, column and diagonal, bnt i,t lias been shown above that if it occurs 
once only no solution is possible ; it must therefore occur at least twice 
nd hence for a solution in positive integers * must be a perfect square 
But since c,_2, 2 is a factor of k and there 4 is a factor of ft. hence it is 

(This appears tob. 

w P^^iou^ly published where it is f.unJ that 

but since this solution was not perfectly general it soemed 
desirable to give a general proof.) / K rat u soemed 


R. J. Pocock. 
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Astronomical Notes. 

The nearest Star. 


For three quarters of a century alpha cen(au>i has been the nearest 
known star. Mr. Innes at Jobanne^barg has now discoTored a star of 
the eleventh magnitude, the distance of which is almost ezaotlj the 
^4ame as that of alpha centauri. As its proper motion is of approxi- 
mately the same amount and in the same direction, it seems possible 
that the two stars are physically connected altboogh the distance sepa- 
rating them is very great, viz. 20" 12'. 

The particulars of the two stars are given below 

.UpAa centaurt'. New Star. 

Parallax ... 0-"756 0"755 

Proper Motion (in arc) 3 ''68 3."76 

Direction ... 2814® 2827® 


This star is intrinsically the faintest star known. 

About a year ago Prof. Barnard discovered a star with a larger 
proper motion than any previously known. These discoveries show 
that we still have much to learn about even the nearer stars. 

The Planets. 


Most ot the planets are favourably situated for observation at this 
time of year. 

Below are given the positions on March 15tb and the constellatioos 
in which the planets will be found. 


Planet. 

Mercury 

Venus 

Mars 

Jopiter 

Saturn 

OraoQB 

Neptone 


R. 

23'* 

21 

11 

4 

8 

21 

8 


A. 

49"’ 

8 

42 
13 

43 
52 
27 


Deoln. 
2" 35' S 
9 S 
1 N 
40 N 
7 N 
43 S 


• •• 


11 

6 

20 

19 

13 


18l 59 N 


CoDStellatioD. 
Pisces. 
Aquarius. 
Virgo. 
Taoros. 
Canoer. 
Capricomus. 
Cancer. 


The sun’s position on the same .date is R. A. 23* 38"' Dsol. 2® 20 S. 
in the cenetellatioD Aquarius. It will be seen that Venus and Uranus 
are morning stars while all the others are evening stare, though at this 
date Mercury will be too close to the son to be visible and Mors will 
just rise at lonset. 


R. J. POOOOK. 
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SOLUTIONS 

Question 757. 


(S. MaluaRI Rao) : — Give a solution in positive integers of the 
equations. 

(1) .r*-6y* = l , 

Remarkt by H. V. Venkaiachala Iyer. 

(1) **— 6y’ = l, Let. ;c’=r, 

Then 67 * = !, To solve this in positive intepei *3 we express yO as 
a continued fraction ; we have. 

V6=2+^+^+^+l+ 

The successive convergents are 2, i, — 
z=5,y = 2is obviously a solution of j’— 6 y*, but as this does not 
give the value of z a perfect square, as it should Ite, we have to select 
such a value for z, as will be a perfect square, from the general solution, 

z=A-{ (5+2V6)’'+C5— 2V6)” y. 

Putting n = 8 , we get zs49, a |)erfect sqnare. 

• • The value of x=7, and the corresponding value of y is 20. 

(2) .r**— I7y* = a?*. Dividing out by **, we have 

y' 

=1 Pot .T' = t, = 

I* 


Thont»_17V = l. To get values for b. in positive integers. 
^ +i+ 2 + -. , and the successive convergents are 

* o*» «D 

Of these i. = 33.Ti = 8 , safishes j. But since 


3 I is not a perfect cube, wo have to consider the general solution eiven 

{(33 + 8Vl7)"+(33-8Vl7r} 

.nd get a yalnc tor t which ia a perfect coho, hj proporlj chosing » 

and the correepondmg r.loe of ,, alao can be fonnd ; Tl,e relations e- = t 
y — giTe * and y. ‘ 
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Question 761. 

(iliRTVN M* Thomas) Apply the methorl of InstaDtaneoQS centra 
to solve tho following — 

At overy point of plane enrvo a lioe is drawn making a given 
angle with trie normal, and let the envelope of these lines be 
termed the a evolute. Provo, that the Q. evoliite of the a evolnte of 
any curve is the a evolnte of the evolnte of the carve’' 

.SWu/tow fey S. R. Ranganathan and the Prrkpo$tr. 

Let C be the centre of curvature at P to the given curve. Lei 
CPQ — a end CPR=s/?. Draw PT the tangent atP to the given carve# 

Consider PT, PR> PQ and PG as font rode rigidly connected, and 
let PT move tangeDtially to the given curve, 


T P 



Then, as P moves on the curve to its eoneccative position, PT, PB, 
PQ, PG will have moved to their conseentive positions, so that 


PT iDoves tangentially 

to the given-curve, 

PR 

to /?-evolate, 

PQ 

to a -evolnte, 

P^ M 

to evolnte proper, 


Thus the centre of curvature C is the instantaneous oenire, and thus 
it becomes th»' centre of ciirvatnre for the a-evolate and >ff-evolate as 
well. 

Hence the perpendiculars from C on PQ and PB become the 
for these a anu >3 -c volutes, and M, X the feet of these perpendioalars 
arc, consequently, the points of contact. 

Join MN anil prodoce it to S. Tlien MNCP being a cyclic qnadriU* 
teral, NMC=a, and SNCs=>ff. 
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The carve enveloped bj MN becomes the a*evolute of the 
;5*evolnte, and is also the >ff*6volnte of the a.evolate. 

The foot of the ± from (J on SIN is the point of contact, and 
corresponds to P. 

Thus as P moves along the given curve, PQ envelopes the a-evolute 
PR envelopes the /?*evolute and MN the a*evolute of the >fl*evolate and 
vice versa. 


Question 8i5- 

(Mabttn M. Thomas, 

^ ='V”" k 

^ax^+bx+c 2 j n " 

provethat 2a 6 fc„ + n =0. 

Solution by K. B. Madhavti, B. J. Pocock, B. B. Kapadia, 

A. A. Krishnaswanii Aiyaugar, S. R. Ranganathan, 0. Krishnamachary, 
L. S. Fatd^ana<Aan, V. M. Oa\tonde,K. d. Brady, 

S. V. Venkatachalayya, L. B. Bhatt, B.A., K. SantAonam, 

K. K. B. Aiyar, 0, Bhaskaraiya, K. B. Rama lyer^ and 

S. Oangadkaran. 

y=j — o»*— fcai— c) — 

y'=ezp (— ox*— t*— c) = Ea:'^* k„, 
j/*+(2 ax+fc) /=! 

Sabstitutiog 

I (n- 1) x"-*+ (2 ax+ 6) L x"-> 

and collecting the co-efficient cf x"~‘ wo have 

«*H+i+hA:„ + 2o *„_,=0. 


Let 

then 

and 



Question 8i6. 

(Marith M. Thomas, M.A ) ; — If k be the curvature of an ellipse and 


1 dk 


a =_i_i ^ _ 1 d** 

" 2! 


show that 




°o 5ai’+4<»o <*») baa the constant value 

points of the ellipse, a and /} being the semi-aiea. 

4 


aU 
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(1) by E. B. Afadhaoa ; (2) by K. A. Erady, H.A., 
(3) K. K. B. Aiyar and several others. 

(1) W© know ^ for the general 

_ -2 


conio 


Now 


g = tan 4,. 


(a>^) 


I 


from inrarianta. 


*■ (S) ^008*4,. 



2 L~^dk , a,i. , 
— ^ k — oosjj— 2ft 810 

o a 0 


ftod 




Ueoce 


* — S 

= -2 (a^) (-5fl,*+4o, a,+W)* 


^ / 2 \ 

% ^ (4ao*— 5o,*+4ao a,) » constant and equal ■ 

(2) Let the equation to the ellipse referred to the tangent and 
normal at a point be 2j/=a«’+2Aity-f fcy®. 

Then y, = 'ax+ Ay) + (hx+ by)y, 

y, =. (a+ Ay,) + (Aji+ Ay )y»+ (A+6y,)y„ 
y..=Ay,+ (A.c+6y)y*+2(A + 6y,)y,+&y,y, 
y< = Aya +(Aa>+ 6y)y, + 3(A + 6y,)y,+ 3by,*+ AyiVi- 
At the origin yi = 0, ya=o, y^^3ah, y4=3o*fc+12aA*. 


Also ^ = (l+y,*) = 

as 

Hence A =_L =y,(l + y,*) 

P 

|^=ya{i + y.>) ’-3(i+y,*)"yiy.' 

fjiL — J •; 

3 p=yi(l + yi*) 3(l+y,*) ' y,*+yj( 



27 d 


dk 


<rk 


At the origin Ar = a, ^= 3 aA and _^= 3 a*i*+ 12 tiA*— da 


d$ 


de* 


Hence in the notation of the qnestion 

a ah a*lf + 4ah^ — a* 


0 ,=-. «, = _ a,= 


8 


. . r " , ^ h*) 

4 ao *— 5 0 ,- + ^ 0^0 2 = . 

4 

But if a, /i are the semi-axes of ax'‘+'ihxif + h>j'*=2y, 

1 _(o6— A*)’ 
a* 

Henoe a^ ^ { 4 ag* — 5 <ii* + 4 at,a,) = — h') 

( 3 ) Weh»ve 2 a„=«,=d'=i=^. 

1 ^ 4 

k ds p ddi 


30 that 


<7iL 2\ajJ 




7>-f_l_5a. 


2 a’ 


That is 


p ^ 

L 2 V 

C4a,o,-5a,’+4a^‘] =4o^*.^.(2a’/?*ao)-* 


... (i) 


... (ii) 


p P d4> J 

2 a<^ from (ii) since f>—p^il. 


or 


= 2 ‘^ao^(a;ff)-^ 


Hence 


[4a„a,-5a,’+ 4a„*] = ( ^) ’ 


is the differential equation to a conic in the intrinsic form. 
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Question 817. 

(S. Malhabi Rio) : If xC, eqnal to the continaed product of 
three primes, whose earn is 327, find a, 

Soluiton by Afartyn M. Thomag, M.A., and K. B. Madhava. 

1x2x3 

We hare the following cases: 

‘'+"-i^+^‘“=327 

|+^+(»-2)=327 1 i+(i-l)+£^=327 

|+^+(^2)=327 , i+{»:-l)+i^^=327. 

From the first case, we have a = 179 ; all the others do not give 
integral raloes of a. 

The primes, as obtained from tlie first, are 179, 89 and 59. 

Question 818. 

(S. MiLHABi Bio) Complete the following magic squares by 
inserting prime nnmbers in vacant cells : — 

ih) 


(c) 
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Sofution fey }{. J. Pococh. 

I assume that the proposer requires the oelU to be oooiipieil by 
distinct integer:^. 

(«) 

Consider the sqnare 

It will clearly be magic provided a +/?+! q- 18 =3>5+ 18 i.e. a + I =.2/3- 
we have then to find two sets of 3 primes oacli in A. P. (oumniou diffe- 
reDC6 = 6) snch that the tir>t of one set plug unity is double the 6rst of 
the other set. If the numbers are to be distinct we easily fin«l that 
f<s31 eatisSes all the conditions. 



ih) 

Consider the sqnare 


'h 


1 

1 

1 ‘I'T 

fe. 

b, 

1 

19 


' C| 

1 

G. 

c. 

C( 

53 

83 

1 

1 

43 


we have fe|+c»=a,+u, + 4 assume fej=o,q.2,C|=a, + 2 
a, = l7, fe, = l9, o, = 79, c, = 8l. 


then we 


have 


• • Oi — 180 — 43 — fej— Ca~37. 

•• fei+c,=90 = b,+c, 

anil fe, + 1)4 = 142; c,+c4=38 

The only solution of c, + c4=31 in primes, other than those already 
assigned to colls is 7, 38 therefore fej and h, must be 83, 59. 

Hence the square is completely determined. 

(c) Wo notice that the pairs of cells already 6lled which are 
symmetrically sitnated u>-r.f the centre add op to 140. This soggests 
filling the remaining cells in the leading diagonals in a similar manner 
One arrangemeot is shown below 


79 

1 

1 

a* , 

7 

bi 

1 — 

67 

3 

53 ' 

1 fe5 

1 

' 103 

97 

449 

43 

37 

1 

87 

137 

^ 73 1 

5<j 

: 93 

! 

139 ! 
« 


61 




2 d 2 


we then have aj+o,=602'^ fc,+ i»j=606'\ 

ea+‘'i=436 [ (i,+(fj=432 • 

<*a4*'ej=478 1 fci-j-£ii = 454 • 

= ^ 6..4-Jt=584 J 

Henue a, — Cj = 124 and &j— rf|=752. 

There two equations are ensilj solved in primes, so that we have 

*.,= 17, 0| = 141 ua=461. e*=4l9 

and d, = ll, b, = 16;i 6,=443, t/,=421. 

Hence the square is completely determined. 


Question 840 

(A. C. L. Wilkinson) : — If A', B', C' are the points of contact of 
the inscribed circle of a triangle ABU with the sides and P the Peaerbaoh 
point correspondin': to the inscribed cirsle, show that 


PA':PB';PC'= sin 


B-C 


sin 


C-A 


sin 


A-B 


Question 849 . 

(K Appukutian Erupv) If D, E, F be the feet of the altitudes of 

the triangle in the above question, shew that 

A B— C B C~A 

DP : EP ; PP =00860 ^ sin : coseo ~ sin 

2 « M 


: cosec sin 

A 


2 

A-B 


6 ’oiufion (1) by 8. ^futhukr{shnan and Zeio-, (2) hy F. H.V. Oula$ekharan 

and K. Brady, (3) by K. 8. Mudhava. 

(1) 0) Produce PA' to meet the nine point circle at a, and let 

' 1 , M, N be the mid-points of the sides. Then obviously 
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PA' oc Pa 
PA'*cx:aA'. aP 
oc aD’. 

PA'o: Rsin ^ (B-C). 

Hence the reenlt. 

(n) Let PD oat the iooirole ut /?. Then 

PDa:P^ 

PD’ocDytf.DP 

(X DA'>. 

PDccDA'. 

cc AI Bin i (B-C) 

A 

OC rooseo-^sin ^ (B— 0). 

2 

Hence the reealt. 

(2) (i) We have 

PA'_ r 
A'a p — r 

where r is the in-radios and p the radius of the nine point circle. 

Again since the chords Pa and DL of the nine point circle intersecl 
at A', 

PA'. A'a = A'D.A'L. 

PA'* = _^. A'D.A'L. 

p-r 

_ r b — c (b — c)(6+ c— rt) 

P-r 2 

_32/oV . A . B . C . ,B— C 

C-A I 


Hence PA' : PB' : PC' = 
Here 


. B-C 

sin - 


2 

DP_ p 


: SID 


• A— B 
sin — - 

2 


and 


DP» 


V/i p^r 
DP. D/?:sDA'.* 

-P 


P—r 


X DA'V 


DP : BP: PP 
= DA' : EB': FC' 

^i±^_c)ib + c-a) (c-a)(c + q- &) (a-6)(a.f 

« b • ^ 

=cosec ^«o^:cosei^m£:^;ooseoOeini^ 


2 


( 3 ) 
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(i) The are&l cO’Ordinatea of the Feaerbach poiot P with respect 
to the triangle A'B'C' are (of: J. I. M. S., Vol ix, No. 2 § 6), 

a . __b . c 
b—e c— a a — J 

i.e. coa — cuseo — ; cos ^ cosec 1 -^ooseo ^ . 


Thej are also 


Bin B'A'C' sin A'B'C' . ain A'C'B' 

PB^ ’ 


V » 


that is 


PA 


ABC 

008 — OOS— 009 — 


Pi? 


P A' 5 PB' ! PT5' 
Hence we hare at once 


P A':PB':PC'=Hi 


sin 


B-C . C-A . A-B 
: sin — = — : sin 


2 — 2 2 
(ii) The areal co-ordinates of P tv. r. t. the ^BEF (of. J.I.M.S. 
vol. ix p. 66). 

o(6— c) cos A . 6(c*--a) oos c(o— 6) oos 0 


. ,B-C 

am’ 

2 


• ,C-A 
sin* 


. ,A — B 
9.n*_ 


ein 2A sin^ sin 2B sin^ sin 2C sin^ 

2 2 2 




. B-C ’ 
am — n — 


. 0-A ’ . A-B 

BID Bin = — 


I.e. 


Tbej are also 

sin EOF sin DEF ein DFE 
DP"’ EP" ’ FP 

sin 2A ein 2B sin 2C 
~DP"’ ^P“’ "fF 

Hence wo have at once 

DP: BP: FP: 

A . B— C B . C-A C . A-B 

s ooseo-^sin — j - : oosec— sin — — . ooseo— bid 

A 4 a Cl 4i 


If 


Solution of Q, 840 by Sadanand, B. D. Karve and K. B. Bama Iyer 
If 0 be the angle A'P subtends at 1 

— r ^cos0^i(R 008 A-f2R cob B oos C)— r 

/R \ T, . ./B— C\ 
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2 Ul-2r' 
rt_ 0 .^ / R 


B-C 


A'P = 2rsiD^ = 2r('_^ sinf'^-gN 

2 \R-2r>’ 


A'P: B'P: C'P 


. B— C 
= sin 

2 


C-A 

sm 

2 


. A-B 

siu 

2 


Addttirmal Solution^ hy ,)/. K. K^waWam'int, Hern Raj, 

Rti'tdya and S. V, Venkatackalayi/ar. 

Question 855. 

(MiriTTS M. Ta -u/is. ^r A.) ; — An ellii)3e ia inverted ivith reapeot 
to anj [.omt on its circumference. Show that the inverse curve has 
three and only three i>oints of iiitiexion. and that these are collinear. 

Solution ( 1 ) by K B. Madhava, ( 2 ) by Sadanand 
ivul K. li, Rama Aiytr, 

(1> 1 he equation of an ellipse referred to a point on the oironm- 
ferenoo can be pat m the form 

. ^^+^^^!/-hby'+2gx+2fy = (); 

-ndds.nverae a circle of radius .an be easily seen to be the 

0“bio, 2 igx+fy) (n^+’/) + lc\ax>^ + 2 hxy + by*)=0, 

{Of: Edwards: DifE. Cal. p. I73 2). 

This form shows at once that the oriein is a no.l« w:»v, ^ . 

tang.nu h.y + h/io. ° “ 

of IT'I ^ 

tut th. thro, point, of inH„„„; " "“U-t-o-n 


( 2 ) Let the ellipse ho 


-+^=1 
o» ^6* 


Bet P be any point on the ellipse and lot a bo if. *■ 

« taow that thorn ore throe and only throe Lin, 1'*’®“ 

oiroles of ourvatnre pass through P Jnd thafc^th 
H2w-aU(4w_a) and h%Lat U o T 

then Its drole of curvature cate the ell pse in?hr T 

«... .a,. . . . , a. ^ 
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straight line which cnte |the inverse corve in three adjacent points. 
Therefore Q inverts into a point of inflexion. Similarly the other two 
points invert into two points of inflexion. Hence the inverse oarvo has 
three and only three ^^oints of inflexion. AUo P and the three points 
on the ellipse form a cyclic qoadnlateral beoaose the sam of their 
eccentric anples = a + { 2 it— 0+4^- a+6vr— a } ^4vt. 

The cironmoircle of this cyclic qnadrilateral inverts into a straight 
line passing throngh the three points of inflexion in the inverse 
carve. Hence the three points of inflexion are colUnear. 


Question 88i. 

(S. KfiisHNASWAMi Aitangab); — Prove that 

71 

• g, X 8V2'n 

1L 

f 2 0*> u -MP tY. _ {r(i)f« (7r«-32>n^n 2) 

Jq Vsinaf 

Remarks hy K. B. Madhava and Sadanand. 

The 6rBt j)art of the question is complefelj solved in Brommoh, 
Ex. 45 p. 476, taking a = y ; second part follows from the same, by 
difierentiatioD. It appears the right hantl sides of these integrals are 
wrongly given. 


Question $ 93 . 



KiisnsiJiwAMi iTB.saiB) : — Show that 
siii X lug sin!crfa: = T* V 2. 





Question S93. 


(S. KKi>.iiNisw*.Mi iTb.sGAB) : — Kind tlio value of 

TT 

I'a'log sin X. log cos xdx. 
e 




am 9 cos ;9 


•» w 
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Solution 6y R. J. Pococh, S. R. Banganathan and K. B. MadXava. 


We have 


J 


r.- 2a-* 


log [+('>)-5(a + J+)] 

(Bromwioh p. 476 Ex. 45.) 

Now +(^|) ““‘=“1 ^ + 1 ""V^ 

(loc. cit. Ex. 43.) 

(loc. cit. Bz. 43.) 

4 ^( 5 ) =-c+6-2 log 2 -|log 3- 71 

•■■4^(1) -4>(|) =1 '^V3+2 log 2-6. 


91 Q 


Write a=± 


2 

3 


Alflo 


and 


Hence 


Also 


2^J>±i)JL*+i)-W 

“r(2*+i) V 


-IT 


(Bromwich ]\ 461.) 




m 


JYY Bin log aiDx</a= = y^. J^). (J^ + \og 2-3) 

2^2.71' f-TTVS.. „ 

[N.fl.— The resolt as printed appears to be inaconrate.]. 

Again, 


r ^ sip * log COB a 

^ O V Bin X COB X , 


]»=/?=} 


2 S 8 


1 r r(a)r(/?) -i 

^{dad/^ r(a4.^) J a=/?=J 


= 1 U(l)}* 

R ro) 

=1 AlijlV 

8 


[( 4^(1 >- 4 ^( 5 ) 
r(.og2+?.)-^j 


[For valoea of 4'(!), Bromwich: fnjiinte Series, 

Appendix III, Exs. 42 and 43.] 


Question 911. 


(R. J. PocoCk) : Show that the locus of a point such that the eccen- 
tric angles of the feet of the four normals which can be drawn from it 
to;the eUipse a:Va*+y*/&* = l satisfy the relations 


is the ellipse 


^ co3i4^ COS sin 4 t sin *, = 0 


a:*-f-(l-e»)j,» = aV. 


Solutim by K. .7. Sanjana, H. R. Kapadxa and K. B. lladhava. 

The normal at the point of eccentric anglo 4 is 

OB sec : —by cosec <t>s=o*—h*=c* ; 
if this goes throngh (A, k) we have ah sec i-^hk coseo 4=c\ 

Replacing by cos 4 and sin 4 and finding each in turn by ration- 
alising, this condition can be written in the form— 

c‘ cos«<t— 2c’aA cos'^ .j (a’A*+6»A»-c^) oos ‘4 

■i-2c*ah COS 4 — o*A’= 0 , 
c* sin*<^-+2c*6*ein"'t+(u»AHW— c*) .sinV 

— 2c*bk sin <^p— fc*A*=0. 

Both the given relations give rise co the same result, viz. 

aW + b^/c*-c* = 0 . 

Thus the locus of the intersection of the normals is 



wbtoh is the resnlt in the question. [See J. I. M. S,, Vol. VIII, p. 233.J 

jiddiftonai Solution by R. Srintinwan. 


Question 914. 

(Prof. K. J. SAh'JiNA): — The snnj of the 2n-f-l terms of the type 
•jj- where a is a (2n-hl/^‘ root of unity is ( — )'* (»»+^). 
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Solution hy K. B Uodhava. 
Since a satisfies'**"**— 1 =0, 

, .— satisfy — 1)=*"** + =0 ivspectively. 

1 XiOl 


Hence, 


V g _ 1 1 l_l 

^1 + g* — ta l + j'gJ 

_ 1 (2H-H)**"+n 

2t I l + l~f"‘ J 

= ^x(2., + l)tV*' = (-» + 4). 

Slightly tUfferent eoluHona hy S. R. Uanganathnn ami B. Si't 


ni vatan. 


Question 917. 

(Hem Raj) In any trianfrl® shew that 

2LV(/> + t;)>I(a) + 9afcc. 

ii'ohi/ioM hy K. J. S^vijana. 

It may be shown that if G is tiie centroid and I the incentro, 

QI’ + 4Rr = i(fcc + cu + .i/>)~i(a> + f'* + c»). 

[see Hobson, I'lane Trio , p. 200.] 

Hence, nnless the triangle is equilateral in which case the inequality 
becomes an equality, wo get 

Kf>c + ca+ af>)>^(a»+ 6*+c*) + 4Rr 


t.e. 

90 that 

or 

i.0. 


>4fa»+fe*+c^) + 


2ahc 


a + b^c ' 

3 (a + t> + c){hc + ca + ab):>ia + b + c)(a*+h' + c*) + l8abc, 

3Ea*(fc + c) + 9afcc>La*(fc-f-c) + I(a') + 18 a 6 c, 

2la*(6+c)>E(a’)+9aic. 


QUESTIONS FOR SOLUTION. 

927- (M- K. Kewai.R'Mani) ; — ABODE . is a polygon whose 
sides tnkeu in order :ire -i, b, c, J, t ... It the angles which the sides 
b, c, <1, e...make with the jiosiiive direction of the side a, be respectively 
called a6. uc, ad, ae ... prove that 



h'c^d* (cos 




r.ab + fi.ac ■i-l.ad+ . 



were n is a positive integer nod r, $, t, ... are also positive integers 
inclnding zero, but snob that /• + #+/+ .. =». and £ denoting sommation 
of like expressions when, r, s, I, ... are taken in their entirety sabject 
to the above l•e^triction ; of course on the right hand side, a not 
ocoiirring. 


928. (M- K. KBWALRAMiXi) Show that the infinite product 


ainh ■n cosh* 


\/37r 


24'fT* 


[cosh VT-" 009 


929 Mai.haui Rao) : — Expre.ss 2595600 as the product of two 
factors such that the snm of the factors of either factor may be equal 
to the other factor. 


930, (S. Malrari Kao): — P ill up the vacant cells in the following 

figure with the retiiaiuing numbers of the series 1, 2, .3, 63, 64, so 

that the whole figure and each of the four corner sub-squares of H’’ cells, 
may all bo pan-diagonal magic squnre.s. 


1 



1 

1 



1 

i 



1 


1 


1 






1 

1 


t 

1 

j 

1 

1 1 
1 


1 

1 1 
1 1 



1 


1 

1 


! 39 

28 

1 

. 1 

29 

38 

35 

1 25 ' 


1 

1 

1 

1 

1 24 

32 1 



1 

1 

1 

27 

40 

26 

37 





' 30 

1 

33 

31 

86 ' 

1 


1 




2©1 


931. (C. Kbuhnamaohabt): — S um to n terms and discuss the 
coQTergenoe to infinity of ihe series. 

y -i-j _ + 

x + y i» + !/K» + y + =) ix-\-y)tx+y + z}(x + y+2z) 

932> (T. Kbishka Rao) : — In Q. 772 prove the iollowing construc- 
tion : — Take MH equal to the given sum of the sides and bisect it at 
F. Draw the angle PMK equal to the vertical angle. Cot off MK such 
that the reot. MF. MK = ihe given rectangle. Join FK and draw 
the bisector of the ilMPK. On the bisector cut off FG such that 
FG*= PM.FK. Join Gil and GH. From GM cut off GL = GU. Letthe 
bisector of ^ilGH meet XIH in N. Join LN. Then A LMN is the 
required triangle. 

933. (K. B. Madhava); — W ith the usual notation of the Elliptic 
Functions, show that 


* X 

/ V2 j' a/5 3 

kEE’dk = 2*l^^UEE'dh^^^ ■ 

934. (HBiii.AJ):-rf n be a positive integer, show that 

... 

■■ +(- 1 )'- * ) 



+ (l-i+i- 1) 

!• an integer. Zn— 1/ 

the sfdefof^real triangle, ant ^ >-®P«sei‘ting 

Sso*(fc + c) +6»(C 4 o) -f c*(a + fe), 

prove that ' 

acconling as l4\ o "t ^ P. 

Au . =6,7,8,9,10,11, 12. 

Also exaznmo the inequality for and Z = 5. 

936. (K. J . Sawana, if. A.) ;_lf [tS^ggested by Q. 917.] 

•how that 55^+ 439«*+ 225. 

CO 


(SoggiBted by Q. 908.) 
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937- (H. K. Kapadia):— If n hav© anj positive integral valae 
excej.t onitj, and r be any positive integer which is not a perfect 
power, show tliat 

and if denude the number of divisors of n, that E(dfnWlyf*‘sl • 

also that £(n-l)/r=El/(r-l)*. ’ 


938 (H. R. KAPADiA):-Prove that, if m,. m,, are the 

integers less than and prime to m, and if p,^ are the different 

pnm^ factors of niy 

» sin™e,TT8in2®.TTBin 

yy sin^e-b-^ j = “ : 


pip»p.pt 


2* I I Hia!22 . 1 I ain-^ 
Pi 


939. (S. K. Ranoanathan) If and are the radii of oor- 
vature, at the corresponding points of a oarve, its evolate, and its a- 

evolute respectively, show that as a varies from to +^./> has 

2 2* 

to, its msximam vslae the expression snd that it attains it 

when tan a^plp^^. 


940 (R. SB1HIVA9AN, M.A., M.R.A.S.) :-Show that 

f ?i;^“'&,=^’sec^tao"™i 

Jo 1 +*• 4 2 2 

941- Balak Ram) [Suggested by Q. 817]. 

Solve *! = (»-y)! (yO PQR 

where * and y may be any integers satisfying 


and P, Q, R arc primes. 




932 (UeuHAj) 


?s an integer. 


^Show that if ^ bo prime, 

[ (s';) 

1 
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Complex Roots of Equations. 

M. T. Naramenu^r. 

Introduction. 

It is proposed to discuss io this paper (jtapUic. inelhotls of visaalising 
the complex roots of an oipiation. To tliis end Argand diagrams are 
freely used, and complex roots obtained as tlie real interacctione of two 
plane curves. 'J he method of the 'J'heory of Functions of Complex Vari- 
ables is brieriy indicated towards the close of the paper. 

The paper conveniently divided into three Sections: (1) Tho 
First Section treats of equations up to the fifth degree by means of the 
elementary methods of curve tracing; (2) In the second Section, 
Approximations to Complex Roots of a general algebraical equation, are 
developed by means of Cauchy’s expansion and Taylor’s theorem, and 
inctde^itolly a “ ifothod of dealing with tho Intersections of Plano 
Curves” is referred to and its connection with the properties of Polar 
Curves explained ; (3) Iho thii d and last Section is devoted to a brief 
discussion of Transcendental equations. 

The Post Script deals with simultaneous equations involving two 
Complex Variable?. 

The compotation of imaginary roots of Nnmerical Algebraic Equa- 
tions has not received muchtattention on' the part of mathematicians. 
There is a reference to a modification of Horner’s method so as to apply 
to imaginary roots on page 12 of Mathematicai. MoNu<iRAPiis, No. 10. — 
The SoluttoJi of Eqiiaiiont by Jl. Merriman*. Me Clintock in 1894 pub- 
lished a method of development in series of the roots of an equation by 
means of his Calculus of Knlargementf. His method can be used for 
approximate compiifation.s when tho series is convergent. Lambert in 
1903 gave out a similar method of expansion by Maclaurin’s formula, 
applicable to Algebraic, us well as, Transcendental Equations^. This 
method consists in introducing a second variable into all the term.? but 
two of an equation and putting it equal to unity after tho expansion of 
the first variable is obtained by Maclniirin’s theorem. 

Dr. P. S. Maca day in bis Ahjehraic Theory of \Modular Systems, 1910, 
No. 19 of CambriD'.e Tract.s, gives the following further references: 
'I'ransaotions of the American Mathematical Society, No. 3, 1902; and 
No. 6, 1004. 

Shetller, Dio Aalt>snne lior nleobraiachi-n anti tr.anBKendontoi] nioirhunccu 
iirnuiiachxveiK, l.Hoft; an<i .Iclink. Dio Aiilloaiiu;:' tier holioron nHmorisolioii Glci- 
cfninjroii, Loipzic, 

+ Biillotin of Aiiieric.-tn Mnthcnmiical S»>c.. ISf'A, Vol. 1. p. 37j also, American 
Journal of Matl.itniatioa, Vol XVII. pp. ^9— 110. 

X American i’hiloAKphicnl Society Proceedinga, Vol. 42. 
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Section (i). 

1. CuDsiiUer tiie quadratiu^equatiou 

-’ + 2/>r + ,y = U. (I) 

We may write its roots in the form (z + iy) witlioutlloss of i/enera- 
litj. Substituting in the cquatioD ami separating real ami imaginary 
arts, we liave 

i'' + 2/)j+y)4.2/y(a;+//)=0, 

whiofi is equivalent to the two equations 

(^*-/+2^x-+y = 0. -t 
y(.+i»)= 0 . / 

Drawing tl.e curves (2), we find {x,y) as their intersecliou. In 
other words, the Argand representations of the comfilex roots (i + iy) 
are the «vaf intersections of the Cartesian curves (2). It is quite easy 
to see that these intersect ouUidc the axis of j: only when the roots of 

I'ig. 1 



■ 

the quadratic are complex. In tl.U ,...o n 
re, ..cent ,l.c c„m,,le, Lois 

2 No,i , ^ C«ec Pig. 1 1 

■i. Noil, so,, po.se tl,c equation is L B -J 

I'roeoccling as betorlLo 

Whieb break, up i„,„ ..paeate equation! ' 

/(r)-ip»Jf"(;e)=0 q 

™e 'Ll .« ,,ot„r,„ini„g 

«i.„ ..a -p^3;r.boLt.r„reL::tir 

/'(»)-iy*/""(a)=0. / ••• ... (4) 
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Now the cubic and uoaiu represented by (4) can be readily traced 
and their intersections obtained ; or (4) may be rednced to a cubic eqna* 
tion in x by eliminating y* and the real roots of this resolting cobiu 
obtained. The corresponding real values of y will then give the 
graphic points, required. 

[cf. Macllobert’s Theory of FuncUotts, pp. 16 — 19.J 

3. The biquadratic equation /(r):=0, treated similarly leads to the 
intersections of the curves 

/(a:)-iyV"(x) + y'=0,'J 

/'(*)->. I ^ 

whicli are of the 4th and 3nl degrees respectively. 

The elimination of y* between these gives an equation in ® which 
may also be used for locating the real values of but the process is 
tedious. 

4. Instead of the Cartesian (a;+«'y) for the complex root, we may 
take the standanl form r(cos 0±t sin 0). The auxiliary curves oorres- 
ponding to the complex routs will then redneo to 

r" cos cos (»— 1)0+^/""’' cos (m — 2)0+ 

r" sin n0+pi/-''~* sin (n — 1) G + ft'"”"* sio (a — 2)0+ ... +p« —0. 

5. In connection with the method of this section the following 
hints on eurue-lracOig may be of use: 

^suppose F(j;,y)=0i9 any plane curve. Then in relation to the 
curve the «et of points in the piano of the curve may be grouped into 
three classes : 

(i) The group of poiuis for which F(x,y) takes a positive value ; 
say, tlie //ositue yroujf. 

(ii) The group of points for which Ffx.y) takes a negative value j 
say, tlie neyanve grouj/. 

(iii) The group of points for which F(*,y) takes a ^ero value , 
say the zero group. 

'rite last gioup detines the curve, and the other two groups ate se 
paiated by it. Thus the whole plane is divided into compartmente of 
pofitiir and n ijaliee points, whose bonndary is the Curve itself. 

N<.w. lei P I'c any positive point and t^ any negative point. Then 
by Ihe priiu •plo of cuulinuify we infer tliat there most he some poin 
between P and Q lying on the curve, which can be approximate y 
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found. The methud, though laborious, is useful in locating a curve con- 
rioting of several branohe-'^. Further, its essential importance as a me- 
thod consists in its negative character ; it does not require any know- 
ledge of points on the curve, us in the usual method of curve tracing. 
By this method we can locate a curve of any degree in relation to two 
points taken at random. 


El. 1.— A.s an illustration, let us consider the equation c'— 4;— 
[Cajori ; Theory of Equations, j>. 20]. 

The auxiliary curves being denoted by P and Q, we have 
P=.-* cos 50-4r cos 9-2=<‘-10y-/» + 5iry‘-4^_2 = 0, 
y=r* sin 50 — 4r .sin 0=-/(5.c* — 10 jV + /— f) =0. 

H * /;-c».ce:_Considering I* as a quadratic in we hud 

tuat the uiscnmioaDt 


nearly.^ ■" between 0 aDd--48, since D=0 for *=-- 4 y 

Hence values except when .. lies between these limits 

Again all the valoes of y will be real only, if i 

l.o....ve. Uhe lat.e.. chant-,. »ign ™he„ . = I 52 -•61-1-24 ncajy 

Pig'. 2. 
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'i'bus the following cases arise 

(i) 4 = +, when a:>l-52 ; 

(ii) 4=— »when l-52>*>0; 

(iii) 4 = +, when 0 >a>— -61 ; 

(iv) 4 = —, when — •5l>j:> — 1'24 ; 
(v) 4 =+» when — l‘24>j;. 


Incase (i) ^ has/our rea^ valoes, 

(ii) y has two real and two imaginary Talaea> 

(iii) y has four imaginary valnes, if — *48, and four 

real values, if— •4S>/:>~'51, 

(iv) y has two real and two imaginary values, 

(v) y has /our real valnes. 


(2) The Q—Ourve This consists of the axis of g and two hyper- 
bolic branches as ie easily seen. 


[//.B.— The asymptotes to the P and Q curves are cos 50=0, 
sin 59=0 respectively]. 

A tracing of the carves is given in Fig, 2. 

Their real intereections famish the roots of the quinlio, and they are 

A, B, C, ooiTesponding to the real roots ; 

D, E, corresponding to the imaginary roots. 

Their approximations are 

+ 1-52, --51, -1-24; +12±1-44V-1 

The approximation to D is found by changing the origin to (0, V^)* 
so that Q comes 


y = 


_5y/2 


»'*, nearly; 


and P becomes (on substitntion for y) 
whence a;'=| = -12 


5V2 2. 

4 * 64 



or 


0 : 1 :*'=. 12! ; y = V2-f ^' = 1‘44. 


It may be remarked here, that the P and Q curves are 
orthogonal always; and that the P— curve cats the axis oix in/( 0 )=O, 
and the Q — curve in /'(*)= 0 . 

By Rolle’s theorem, therefore, it follows that if P crosses the axis 
^ times, Q crosses it in at least (/^— I) times. If all tlio roots of /(s) are 
real, P and Q will never cat in real points. 

Ex. 2. As a second example, we may take the cobio 

j*-«-9=0. 
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Here P -j-*— ar— P=0. 

'1 lie yrajilis aie as nn<ler. 

FiK- •<• 



The roots are + 224 ; -M 2 ±lfi 5 y/_j 

cases a, the 'yW'^al 

T' x. ( 1 ) : 'J'o Solve 2:* + 2:+l5s0 

I-et OB represent the vector j then U ..r* , T 

A A ’ ‘'epi-osentea l>y 00, where 

A013 = BOC.anaOA.OC = Oir-sothatUee r • 

. so that the equation is \Yritton 

OA+2(rB+2O(;-0 

* % % 

Pig- 4. 


• • ■ 


(n) 



O 
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Now, Hince OR liisects the angle AOC, e<juatloo (ii) veijau’es that 
20C sboald be eqnal to OA. 

Putting OP = »‘, \re have 

2»*=1, or 

V2 

AIh<i 2/-= —2 cos AOR, from (il.) 

ci»s AOH = — ^ 

y/'i- 

AOB = 135^ 

Hence, the T.alue of r oorresponfling to OR is 

r (oos 135°+i sin IS.'i®) = — ^ (I— i)- 

Ki. (2) ='-9-— 12=0. 

Here z is easily written in the form and the sereral 

valoes of z are therefore 

a+b, na + fea*. oa’+6a, 
where as=-^3, b = '^9, a =cube root of unity. 

Hence, we obtain the following constmotion for the roots of th® 
cubic. 

Do.scribe concentric circles of radii a, h ; inscribe equilateral tri* 
angles A, A, A, in them as in the 6gure. 

Pig 5. 



Then the roots are represented by 

2 OZ,. 2 OZ„ 2 OZ, 

where Z, Z, Z, are the raid-points of AjU,, AjBj 
Ex. 3. s«-18c’-48:-39=0. 

Ill this cas e : = (ia + ljtt*-Hca’, where « =3',f* =3-,c=3^, and a* = l. 
construction for the several values of : corresponding to the fonr values 

of a is as follows; 
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Draw ooDceDtric circlea of radii a, c ; io9orii>e 9C|uar6S in them 
as shewn in the figure. Then the fiuir i*ools are represenleil hj 3 OZ,, 
3 OZ.>, 3 OZj, 3 OZ 4 , where Z, Z.^ Z. Z| are the mean centres of 
A,BoC,, A. BA. A.B.C, 


Fig. G 



7. The veclor method can be successfully employed in the case of 
a ciVcufan^ equation of any degree whalerer. 

For, wo know tliat the roots of sncli an equation of the degree 
can be written 

aa+ ... 

where a’' = l. [Bornside and Panton : Theory of Equations, Vol. II, p. 62.] 

lo represent the roots graphically draw concentric circles of radii 
a.b,c,..,t and place in them regular »«— sided polygons 

L,L,...L„. 

Ihen the roots of the circiilant equation are given by 

nOZ,, ttOZj. nOZ„ 

Z, being the mean centres of A,n,...L...A,B.C*....A,BA..., the 

Ruttixes having a period n. 

8. The general cahio and biquadratic equations can also be solved 

by the above method. 

The circnlant equation of the third degree Is 

I —X a b 


b - 


a =0, 


( a h _,r 

which is the same as 

■r'-“3a6x — a*— t'rsQ • 
comparing with *-^qM+T=0, we have 

^ q^-3ab, = 


802 


Thoa ar^ the roots of 

anil the graphical representation of .r is as in § G, Ex. 2. 

Again, the circalant cqaation of ihe fourth degree is 

— r a h c \ 

I 

c — a* a h 

> 0 . 

}' c —a; o 

'a be —a! 

which reduces to 

.T» (6>+2 o c)-4 6 a: (a^+c*)+b^ (6’-4 « c)-(<i*--cV=0. 
Comparing with j:*+r »-{-j=0, we hare 

9^-2 (b»+2 0 c), r=-4 b (a’+c’), 
s=6» (6«-4oc)-(o»-c*)». 


Eliminating a and c, the cubic equation for is 
which is identical with the ‘ auxilinri/ cubic * of the biquadratic. 


The difference between Bnler^s method and this method, howeTep» 
consists in the expression for the roots of the qnartio in terms of those 
of the cnbio. According to Boleros method the roots of the qusrtio are 

whereas onr method gives them in the form 

— 6±(o — c) 1 , t±(a+e), 

b, a, c standing for 

i V<. (1-0-5 V'. (l+0.'5 V'.'(l+0-J V'. (1-0 

respectively. 

Section (il). 

9 We sliall consider in this Section.ai-proeimaiioHj to complex 
roots of an algebraic eqnation by means of Cauchy’s tlieorem, vi:. : 

/(.-)=/ (a)-|-( 2 -o)/(o)+ /'(«)+•■■ 

This series leads to the following approximations, provided there is 

a root in the neighbourhood of a point a. 

The first approximation is (a+/ii), such that 

/(o) + Ai /(a)=0. 

A, = -/(<*)//(«)• 


0 ) 
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't'he second approzimatioD is such that 

/(o + ^) + hj/ 

*.e. / {a) + h, /(«)+ (o) + Ai f (a) -0. 

u w- r C")/!/ («)]^ (ii) 

And 80 on. 

These approximatiooa are graphically equivalent to the following 
construction : 

Corresponding to a in the c— plane, let 

A be the point / (a) in the «>— plane, 

^ / (a) in the same, 



then 


/h = -/ (a)// (a) 

-OF/^'- [Make 0A‘. 01=:0B*=0A’. 


In other worda, A, is the vector equal lu OC in the figure whoa* 
Teotonal angle is equal to A'OB. 

The^ret approximation to the root is thus 

Similarly, the second approximation is 

A I «=»*, say. 

And so on, for farther approximations. 

Pig. 8. 



The aoto^J complex root x of the ppoDoa^d *• • 

aetenni^ea .. e., p,;.. 


e 

'Q 
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91. The HS‘sumi>tioD that 

a,=a+/i, 

is a better approximation than a depends upon the following results : 

(0 




/ 

where n is a complex root or real root of / (r). Now, when a ie an ap- 
proximate Complex root, the corresponding partial fraction on the right 
side will have its modnlns very great when s = a. 

Hence 


f(a) 

that is, I A, I — 


is large when a is an approximate complex root. 


/(a) 


f(a) 


is small. 


( '») f («,) - / (n) -I- A. f (a) + /'■(«) + 


And in general 


fia)~2f(ay 

^ is'small for a similar reason as in (i). 


Hence 


/(<*!) 


/(«) 


/(«) 

is small. 


Thus f (o,) is a better approximaliou than / (a) under the ciroum- 
•taoces. 


9 j}. The degree of approximation in talcing ai=a+Ai instead 
of a may be investigated as in the usnal methods for real roots. 

10. The approximations found in the last article may also 
be directly obtained by separating the real and imaginary parts at escl» 
stage of the appru.xiuiations. 

Thus, putting /(a)=a+z/?, 

/(a) = a'-ft7?', &c., 

we have 

ty=u+ty— /(as+ty) 

= a-^i/i+ (xH-ty — a— »/?) (a' +i/?')+ ... 


tciuating real and imaginary parts : 

u=:a -f L (x-a) a'-(y-^) ^'] + — 
=.a+ai+a,+ ..., say ; 
«-/?+[4'(*-a)-fa'(y-/?)] + ... 
-•J3+ /?,+ /?*+.-, say. 
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The Jirsl »|>|iruximatiuD is thus the interseuiiuii of (lie .straight 


liue: 


a + a,=0, /} + /}, =0, 
which are obviously rectangalar. 

It may be observed that all the successive approximations are 
orUu)ijonal, being cmjugata fnnotions. 

11. The approximations here investigated are capable of inter- 
pretation by means of ‘ the theory of polars ’ of a binary form. 

For, corresponding to any point a, the (»i— l)tA polars with respect 
to ti and V are easily seen to be identical with the fifst approximations in 
§ 10 ; and tljerelore, the tir.st approximation i.s geometrically interpreted 
as the point of intersection of these polar lines, which are at right 
angles. Similarly, for farther approxiiuations. 

12. A. general method of dealing mth the inlerseotions of two 
plane algebraic corves suggests itself from the preceding. 

lake any point in the neighbourhood of a point of intorseotion and 
construct the polar lines of the point with respect to each curve. Then 
the point of intersection of those polar lines will be a first approximation ; 
similarly wo can construct farther approximations. 

Section (Ml). 

13. In this last Section we shall apply the method of approxi. 
mations to investigate the complex roots of u Transcendental Equation. 

CoDflidor the c^iiatioD 




which readily breaks up into the two equations 

X coJ^h 

Q^y + sin X sioh y = 

Tl.e 1* and curves are traced by writing them in the forms 

cosh ysLx sec ar, 
sin x = ^t/ cosech y ; 


X 

1 37r/2 

611 

2-n 

OOH 0 

0 

•16 ~ 

•156 

0 

90^ 


sv 

' V 

oc 

2r, (rrn.) 

2M 


5 71/2 

I 

0 

90'^ 

•o 


For 

values of x 
between 

371, 2 & 57T/2. 
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Table (2) ; sin z = —y cosech y ; sinh y— tan 0 


y 

0 

- .1 

1 

1 

I 0 

1 • 

' 3 

cc 

1 

For raiues of 
X between ^ 

and 2Tr. 

1 

1 

> 

0 


49^36' 

74^40' 1 

1 SAnr , 


SID X 1 

-1 

--851 

-•558 1 

—3003' 

1 

0 

X 

3w/2 = 270° 

301^40' 

238°2a 

3*26®3' 342®31' ' 
213'’57'/ 197®29' 

1 360® 
180® 

1 


Fig. 9. 



From the diagram it is obrioas that the P and Q carros orose in 
the neighbourhood of the point 

[z=5*8 ; y=2-5]. 

To detetmine the Jiret approximation, we take the equations 

where P', Q' atand for the taloes of P and Q. wheD>=5-8=a, say 5 
ys=2-5 = >j. B»y* 
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Writiug sin a— sin r»H=:3ia 332"^ 10' 

iCAr, 

cos a rrcos 332° lO'= 
sech /j = sesh 2'5 

= cosB0°40’.- •]622 
«anli /? = sin 80°40'= -OHes 

from llie tal»l(*s ami solving the two enuafions for h :ni<l nv get 

A ^ 074, A:=-.-039. 

Hence, a firsl apfjroximal ion to the complox roof in the m-ighhoiir- 
liooil of (a, /f) is 

x=6-874; f/=2i39; 

t'l* :a^5874+2-.j30 I. 

14 . We might have procee«le<I more directhj fhus 

s = (n— cos (i) + (-— appro.xiinafely, 
where u = a-hj7? ; so tiint 

: — a= — (o— cos «hT a) 

- — (u — cos o)'(l + siii <») 

. . : = « — (a — cos o), (1 +sin »i) 

= (« sin a + cos a)/(l + sin u) 

= [(a+.V?j siD(a + t^) + ood (a+i>f?j]/[l + ain(a+,,tf)] 

= ai + >/?,, say. 

fJalciilating a,./?,, we get for Ihe Ursf approiimafion 

5-874+25371 

Oth»r com|.lox roots .„»y be obc.ioe.l ei„.ilarly by .Irawiog the 
eecToT^ ^ “““"K ll'eir iat.r- 

Postscript. 

15. Two sirnuUaneoii.s equations involving tw, vanahl^e are nsnaliv 
represented by plane graphs and the.r real solutions obtained as the 
nter.seotions of the grajd^. When there are no real intersections 

equaw ma;:: 

ties =' - --pier ,„.„ti. 

/C--.r')=0, K-,=')=0. 

Write r-*+ty, 2' = x' + iy in the above and seoarafe tho i i 

imaginary parts, so that, we have four equations in the f! ! 

(x, y, X', y ). ^ 4«»t»ons m the /o«j- unknowns 

Now, these four nnknowns may be regarded na A^t • • 
point in apaoe of four dimensions and ^ i ‘*®^*‘mining a real 
.. teaw to to„r 
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surfai’es wonM nonso-inrully rc-prO'CnJ llio iHunplex solution of Uie 

'I’lie iliffionlty of conceiving foui- JinKn>iuual space Jotracts from 
the usefulness of this meibo'l of representation. 

(il) SfcouJ Mithod —\n this inetho<l may be associated with 
a line in <pace in ns iniioli as jonr co are necessary to determine 

a line completely. .Accordingly the two proposed simnltaneons equa- 
(ions on being split op into real and imaginary par(s specify four cow- 
in space, and (he complex solutions of the equations are geometri- 
cally represented by the lines coniiuon to the four complexes. The 
intuitive difficuUie.s of the previous method exist in this case also, in so 
far as line-geometry and Ityper geometry are intimately connected. 

(iii) Third y^ethoi. — This is only a relic of the line-representation, 
being a representation of the two variables z and s' by a poM pair in 
the same or in different planes. A few simple properties of the two 
plane representation are discussed in Forsylh’s Theor>j nf Funcf\ons 
Tun Comph. 1 ' Variables, § § 15 — 20. 

(iv) Fourth .l/et/toJ.— Lastly, we may eliminate one of (he vari- 
ables s', between the proposed equations and treat the resulting equa- 
tion by the methods applicable to functions of a single variable. 

16. In simple cases, however, the vector im thoJ will be found (juite 
suitable, as the following examples will prove 

Kxumpfe 1.— Solve & ; where 6*>2a’. 

Let :=u cos 0, :=a sin 0, where 0 is a complex quantity. Then 


we may write 


zsa(co5 a sec /?— t sin a Ian /?)i 
^ =o(sin <1 sec /3+t cos a tnn >ff)p 


a, /? boinjr real quantities. 

Fi^^ 10. 
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Hence the fellowing ounetruction for the veotors z ' . — 

III the figure OL=u, OB=6, OQ = PL, (fee.; and we hare 
ON =OL sec cos a =ti sec B cos a, 

NZ = OQ sin a = PL sin a=tf tan sin a. 

OZ = ON + lfZ =ia(ooB a sec B — * (tan B sin <* ) 


Again NP=a sec B sin a. 

QR = a tan B cos a ; 

iy=NP+RQ. 

Hut r'=i)- 2 =‘ZU=‘ZN-^'NB 
NB=:NP, and ZN = KQ. 

* In other words, a=7r/4, ON = ^ b. 


The rector solutions are thus OZ, ZB, corresponding to the complex 
quantities 

[i fe±t V(5 b*-a»)] 

Bzampte 2. Solre I, z+s'=c ; where c* > a''+6*. 

hlere, we can write 

s=o (cos a secB— t sin a tan B) 
s' = 6 (sin a sec B + t cos a tan /?). 

Proceeding, as before, 


Fig. 11. 


Also 

Hence 



• . OPC— 90°, tan ® =^, ‘i=e cos a cos B ; «to. 
pie. 1,!::;;!^;^ cur,„.„„„Ui..« c„ Cl, 
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The Function of Mathematics in Scientific Research. 

Bv PiioKEsson G. A- Mk.i.br. 

(GoncluJuI from 225 of Vol. IX.) 


This roimnou j'rouml of iaveatigators may sei-Te io explain the 
fai;l that many of the most ioHoenti.al research organizations, like the 
National Academy of Sciences in our own connJry, embrace all the 
sciences. In recent decades there has been a temlency to organize re- 
search separately in the various subjects in the form of national sooieties 
named after these subjects. In fact, there are those who think that the 
latter haT6 assumed such a preponderant sphere of influence as to threa* 
ten the very life of the former as serious factors in research. On the 
other hand, the ?naintenanoe of a common scientific life seems to he of 
the highest importance in view of de.siiable interactions and special em- 
pha-sis on what is n>ost fiiodauieDtal. 


The history of mathematics has taiigla us that some subjects which 
were apparently fai a|iart and which were long developed separately 
woi e later seen to have must important common elements. '1 he dis- 
covery of tbo.se common elements and their development has led to 
marke«l advances in the .separate fields themselves. By way of illus- 
tration 1 need only refer to the fields of Algebra and geometry so hap- 
pily weldr.l through the work of Descartes, Fermat and many ^‘^ers. 
In modern limes the theory of groups and invariants has exhibited 
many imporlaul connections between subjects which ha.1 been supposed 
to be widely separate<l. The same tendency has. of course, manifested 
itself in other sciences and may be assumed to become more dominant 

as knowledge advances,. 


A rutinent difference between the matliematical investigators and 
..vc-.Villorrm other sciences is that the former are compelled to lay 
wdh h^ r problems until a solution is reached which can be proved to 
^ iVacc^rS witb deductions from certain definite assumptions, while 

rlTelaUrn .eioLu. hope to eoWo at the preeeot t.o.e, 

" 'Cl io . or; o( h,. re,o.,e re,,„l, ,oe.t,„n, 

c'l r'go, >Utheo.at.eel result, eel. uerrr he disproved, 

f fc... nc-e- been dibproved. V’itU respect to siaipliwily and 

It the matiiematicai devolopiuents .ro-seldom' final, and m many 

cases’ they appear to admit endless variations. 



311 


As iustances of linal niatlieumtical results maj he cife«l the luefiil 
taMes whicli wl«ett unce cumpnte<l serve all succeeilinf' generutioin. 
Such Onalitj may he sai<l to he a goal of all scioutino en<leaTor, since 
the results enricli countless ages hy increasing their capacity for ac- 
complishments, In fact, aoch tables may be regarded as typical illas- 
(rations of (he mathematical contributions to the advancement of 
knowledge oven if they constitute a very minor portion of these contri- 
butions. The fact that mathematical results have increased (he capa- 
city of the world for doing things may bo emphasized by noting, in 
particular, that in recent years prime nnmbers have been found which 
could not have been proved to be prime by the method employed by 
Eratosthenes, if the entire hnman r.ace had been working in an orga- 

nize<l manner on this single problem since the days of the ancient 
Greeks. 


The present seems to be an especially appropriate time to consider 
the interrelations of scientihe research in view of the rapidly growing 
public appreciation of the value of such research. Several decades of 
comparative peace immediately preceding (he present great, and 
deplorab e conflict were iinnsually rich in great scieniiGc triumphs. 
As well-known instances we may cite wireless telegraphy and the 
consttueduQ of the great Panama Canal, which bccemo possible by 
our advanced knowledge in regard t.. sanitation. The world-wide 
l.ealth aclivities under the auspices of the Rockefeller Foundati. n and 
(he activities of our agricultural cullege.s in directing atlenlion to ad- 
vantages resulting from scientiEc methods of farming are strong forces 
working towards a popnlar appreciu. ion of science. Since the -real 

European war began it has become eviden. through the new eleinunU 

mlroduced by the submarines and other s.dentitic devices that the very 

“""y tI-« ^cientiec attainment 

■d US people, uml hence the ipie-stion of scien.itic research has take 

prominent place among those of national policy. U is uerhaos , « 

cant tliut oar Naliunal Academy was founded in fl -^4 

Wnr. ^ ^ounaed m the inxdu of the CiTi\ 

SoienUfic rccarch i., as „ia .3 aiviliaaliun an, I Us otle. beea u.o 
tected by kings in a patronizing manner bnt it ^ ^ 

the history of the world to see kings turn (o ' in 

protection^ For centuries governments have recogn*ized 

aoienco and have provided with grow ing Uberalitr f i ^ 

but now (hoy are calling (o her to save (hem fr ^ development, 

noticed that i„ apU of .aan/ cac“uacri„ cT, 

r»nca ca„.a, may entail tbeir dcslcc.ion as s;,.a™r’‘ra“L‘ 
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new attiinde towards o«r field of work may at first tend to gratify os, 
bvit a seooDil thought reveals the fact that it is fraught with grave 
dangers. Kings in government and finance are interested in the dead 
results of science instead of in the great living and growing organism 
itself, whose growth seems to have just began and whose development 
has always been more keenly inspired by love of trnth than by hope of 
gain. 

Is there not a danger that the sadden recognition of the great poll* 
tical importance of certain types of research will have somewhat the 
same effect on science os the discovery of gold in California and in 
Aostralis about the middle of the preceding nentnry had on the deve- 
lopment of the regions concerned ? People flocked from one mining 
camp to the other and often neglected duties which arc essential for the 
harmonious develoj)aient of the resoarces of a country. Hence tlieve 
seems to be a special need at present to urge our colleagues to remain 
at their posts of duty, notwithstanding glowing reports of cbonces to 
amass soienlific fortnnes quickly in certain newly'discoveredigold fields. 
The get*rich*qaickly schemes in science shoald be scrutinized as care- 
fully as similar schemes relating to the accnmalation of money. 

The remaining at one's post of daty in scientific researcli does 
not imply a lack of support in the solution of pressing prohleius or a 
lack of vacation trips and acquaintance with other fields of work. In 
fact, snch support and acquaintance are highly desirable. It is, how- 
ever, a question whether the nomadic scientific life, which seems to 
have become fashionable during the last few decades, at least in mathes 
matics, is the one which will in the long run bring the best results. 
Science is not primarily a grazing country. Large tracts are suited 
for agriculture and mining. What is new is not necessarily good and 
what is good is not necessarily new. and prophesies in regard to I he 
great importance of certain new developments have not always been 
fulfilled. On the other hand, it should be remembered that reasonable 
hope and optimism are essential for progress, and that we need pros- 
j.ectors as well as miners in the scientific world. 

It ahoold be noted that the miner needs some of the qnulifioations 
of the prospector since he is apt to meet with new situations and nee<ls 
to take mlvantage of the available by-products. In fact, while ho is 
mining for gold ho may strike deposits of copper which are richer than 
the gold deposits which he was primarily seeking. Some of the richest 
mathematical discoveries were made while the investigator was looking 
j.rimarlly for other resaltri, and oven problems which have nut beep 



solved at all np to the present have h-^on tho source of very nsefal di'- 
velopmeots. I understand that similar conditions hold iu other ticlds of 
soientiSc effort and these fads )>oint to the ^roat importance of free* 
doni on the part of the investigator, and, incidentally to the danger of 
too much organization in scionti6c research. 

I 

As a very receot instance of an unespectod matliematical by-pro* 
duct, I may be pardoned for I'eferrinj,' to a somewhat trivial case which 
has, however, the important property that it can be understood by all. 
It is well known that the theory of substitution groups was developed 
for the purpose of clarifying the theory of algebraic etjuations and not 
for the porpohe of adding to the enjoyment of parties engaged in play- 
ing games of cards. In fact, the stmly of such an advanced mathema- 
tioal theory as that of substitution groups miglit appear to involve con- 
cepts, which are at the opposite j>ole from those entering the minds of 
people seeking recreation at card tournaments. 


Notwithstanding this apparent wide separation, I was pleased to 
be able to say recently to a friend, wlic desired to have each one of a 
large party play once and only once with each of the others during a 
series of nneoessive games, that an arraugemont of the players meeting 
this condition coold be determined directly by means of snb.stitutions of 
certain transitive groups. This should perhaps have been expected, 
since a transitive snbstitntion group is an ideal rennbUc treating all iia 
etters in exactly the same way. On the contrary, an operation group 
may have elements enjoying special privileges and hence it has more ex* 
tcn.sive contact in tlie actual world of thought. 


A httlo study of the stnted p. oldem revealed iho intere.sting fac 
tha when the number of lal.lcs is any power of 2 the substitutions of i 
well-known type of substitution groups and its group of isomorphism- 
exhibit directly how the players can be arranged so that each one wil 
play once and only once with, and twice and only twice against each o 
others ,D a certain scries of games. To make myself perfectly clear 
I may say that ,f 8 tables, or 32 players, are involved, one can write 
Wtly by means of a certain regular substitution group of order 32 e 
set of po.s3ible arrangements so that in 31 successive trames ear-t ^ 
these 32 players would play once and only once ZHT> f Tu 
and twice and only twice against e.ich of thl This wa ' I 
the first solution of the general problem in question in faerV^"' 
twenty years ago Professor E H. .Moore nnbUshe,! -v va 

of it in V„„„nn 1« of .be .l„er.„n ./en™n, 

title “Tactical Memoranda,” ^ -'l^hematics under th. 



ai4 

I have referred to this mailer here mainly for the purpose of 
eniphasizim,' the fact that intelleclnal penetration is often attended by 
the most unexpected by-pvoducts, but I should also be pleased to have 
people know that certain kinds of recreation can easily be enriched by 
making use nf results which the niaiheniutician developed for a totally 
different pnrpose. Science should and tloes enrich both work and play- 
More than a thuu^an.l years ago the Himln astronomer Brahmagupta 
said : 

As the sun obscures the stars, so does the proficient eclipse llie 
glory of other astronomers in an assembly of people l>y the recital of 
algebraic problems, and still move by their solntions.* 

')’he playful question. Where do the finger nails 6nd so much dark 
«Urt to pat nnder them ? may serve to arouse a thoughtful attitmle on 
the part of the boy who has been taught to keep his hands clean. In 
fact, our play and recreation are perhaps as fundamentally affected by 
questions of science as our serions work and the victrolas and moving 
pictures shouM have nmarkcl influence on the popnlar attitude to- 
wards science in view of the fact that they reach so many people. If 

it i.s true that tlie greatest sorvice which science is rendering the human 
race is the reduction of superstition, it is clear that (he efficiency of 
science depemls largely upon its popularity. 

The hypothesis that space and the operations of nalnro are dis- 
continuous clearly excludes the hypothesis that they are continuous, but 
il is interesting to note that the mathematics relating to the dtsconti- 
nnous does not exclude that relating to the oontinnons. On ihe conf- 
r.ary tlu-re are the m-st helpful interrelations between these two types 
of mathematics. Such a subject as number theory, relating decidedly 
to discrete quantities, has been greatly extended by analytic methods 
relating to continuous quantities, and. on the other hand, processes 
relating to the study of continuous functions are laige-y ba.sed upon 

lho.se relating to the discontinuous. 

This may perhaps tend to show that even if our hypoiho.ses in 
regard to the conlinuil/ of space and the operations of nature have to bo 
Uruely modified, as seems now probable, the mathematical luetl.ods of 

attack may require le.ss modification than might at first appear to be 

ne<-esvary The language which mathematics has provided for science 
includes not only concepts relating to the ■•ontimious and the disconti- 
nuous but fortunately it also 4.0WS relations belwom these concept* 
and these rclaiion.s become more pronounced with its <levelopmont. 

ifTT ‘ A, c-l.r* wi.h Arin.n.elic .iml M. niiur«li..ii froii. tlie 

.S»i»ekri«,” hy llruhmnRiip'u u' '* 1817, p. 37t*. 
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fn view of the u^e of lliis laoguui'e and its ci>iilao( with variouit 
soieoces it may be readily iiiiderstuod why mathematical history occu- 
pies a promioeiil place in the history of science. In fact, the hiaiory 
of science constitutes one of the fields vvliere scientiats may find common 
interests most fully represented, even if the past is too rich in events 
to be studietl completely. It may therefore be approju-iate on this occa- 
sion to refer to a few recent developments relating' to the history of 
mathematics, especially since the interest in the history of science has 
increased rapidly dnring recent decades, a.s is partly evidenced by the 
effo-ts that are now being made to establish an institute of hintorical 
scic 'tific rc.searcli in our land. 

One of the most interesting questions relating to the early historj 
of n athoiuatios is the use of positional Values of numbers and the closely 
connected use of a symbol for zero. Until a decade or two ago it was 
commonly assumed by mathematical historians that the use of zero as 
a positional number symbol originated in India, and this view has not 
yet been entirely abandoned, notwithstanding the fact that the Uabylo- 
nians employed number.s witli positional value and a symbol which 
.seems to have ^llfillcd the main function of our zero several centuries 
before the Christ iun era. Ou tlie other hand, the first definite evidence 
of the use of zero among the Ilin.lus falls in the second half of the first 
milleniiiom of this era. 


ill view of these fuels it is eiclrcaicly intore.sting to note the early 
use of zero, ui ounncctiou with uumbers having positional value, by the 
Maya, a people inhabiting the .A.tlantio coast plains of southern Mexico 
and northern Central America. One of the worthy alumni of yoor 

Special interest attael.es t„ the oceerrenee of nero-aj.mbols and the 

pr,nc.p e „f local valoc a, . tong the inhabi.aals of the flat lands of 

Ceatral America, at a period as earlj- as the beginning of the Christian 

era, tf not mnob earlier. It would .srom that in this inventir ^ 

Maya in Central America possessed priorlj- OTer Asiatic neon] ’h 
margin of are or six centuries. ” Asiatic people by a 

li further inyestigatlon will lead mathematical historians to arr 
hat the scro a, a symbol in a nnmerioal notation with posiHon.l ^ 
.as acloall, first ,„e,l i„ A.nerioa, according to the i.roserr A ^ 
a will egert a rery l.indamriital change as regards in'eresi 
■aathemaliral attainments o! ine American aLrig.nes Un'l" 
these early mathemati.;,! attainments failed to become ’<he ' 
teasire farther derelopment. on American soil. They exM^cllrty 
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that central oonceitts may be ilisoovere«l independently and they diteot 
attention to the danger in tryinj; to establish one source for a particular 
concept in historical iusrestigation. They also show that the small 
strip of country marked now by Boston has not always been the intel- 
lect iial hub of America. 

The history of some of the mathematical attainments of the Maya 
people has recently been made more easily accessible throngh the 
publication of “An Introdaotiou to the Stndy of the Maya Hieroglyphs, 
prepared by S. G. Morley and published as Bnllettin 57 of the Bnrean of 
American Ethnology, Smithsonian Institution of Washington. On page 
9 > of this bulletin a dozen different symbols for zero are noted and on 
page 131 numbers varying from 21 to 1A4«9.781. and involving the ase 
of zero, are represented in the Maya notation. It is of interest to note 
that the value of a unit in a higher position is always 20 times the value 
of a unit in the next lower position, except in the case of the third place. 
«here its value is only 18 times that of the second place. 

In historical research and elsewhere, the mathematician seeks cordial 
cooperation with other scientists, and he regrets that the confusion of 
tongues, resembling the experiences at the tower of 
more and more difficult to understand each other. In the case of 
scientists this confusion is mainly due to a rapid growth of language 
in various directions. May we not hope that as many theories which 
were supposed to be distinct suddenly exhibited profound connections, 
so also this extensive language will tend towards unity and a.mplmity as 
we see more clearly the fundamental underlying 

kno,, no bounds in molhod or in .nbjcot-n.atter and tbs art.8o:». hm ^ 
tations ^etbymau for his own convenience id making a start m 
Wk dow^ Loro the onward march of truth. All science is a unit 
Ind all scientific investigaton should be inspired by their commo 

imercHts. — 

N S., Vol. 44 (VJlG). p. 715. 
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Astronomical Notes. 

Eclipses. 

The first eclipse of the year 1918 will occur on June 8, when (hero 
will be ft totftl eclipse of the 8nn. The eclijMe will be visible as a par- 
tial eclipse from the north-eastern part of Asia, the north polar regions 
and the whole of the north American continent. The track of totality 
runs from a point in the Bahamas Islands nearly to the East coast of 
thma ; as it runs right across the centre of the United States the eclipse 

IS likely to be well observed in spite of the war; the remainder of the 

central track lies in the Pacifio Ocean. 

23-24. the eclipse is a small one, magnitude 0-136 and is invisible in 


K. A. S. Gold Medal, 

'Ihe Gold Mod»l of Ihe Hoyol A.trouoa.ic.1 Sooielj- wm awarded 
.t'Kod“a^a°nair Obser,.for, 

Astronomical Consequence of a Curvature of Space 

with Einstein’s theory. ^ conjunction 

It i» qaite clear that two d,n.easion»l bciocs livi„„ on th„ ^ 

dlnV'!. “"ccive IhemeLe" t 1 

•lent on a plane, and a ,in,ilar notion may be extended to „ 

-liuicnsioiis, but by cxtentlim- i- to .space in three 

with the radiee ou" vat ‘re'’, Z Cr: 

*he starting point is tt K ( W — i- ^ whose distance frum 

- . ... ^1... a,:™"-;-'- ;; 

,sr“rs ,rcr,‘ 

two poiata 18 iw. R. ^ possible distance betwee 
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lu (I) All lines fti-c of Ic-D^ih 2*^8; iu (II) sU lines are of length ttR 
•le Litter finds that (on the assumption of a curred space) no star 
can possibly have a [)arallai; loss than a/K where a is the distance bot- 
^^oen the Karth and Son. 

Secondly it is found that the lines in the spectra of very distant 
stars and nebula,* will be displaced towards tluj red, producing a spnri- 
uus positive radial velocity ■, a similar result holds iu rectangular space 
on Einstein ’s theory, but tbe displacement is considerably angmented 
in a curved space. In this way it may be possible to account for the 
very large velocities of spiral nebulae, which are certainly very distant, 
should they turn out to be positive on the whole, de Litter makes a 
number of estimates of the value of R, the data of course is some- 
what scanty, since the smallest parallaxes are naturally the most nu- 
ceiiaiu, and very few absolute parallaxes are known, while the number 
of spiral ucbulnj of which we have reliable determinations of nidial ve- 
locity is very small (tie Litter use.s only three). R comes out about 
10'* Astronomical Unit.s. 

If sptace is curved wc should sec an imauc of the sun at the anti- 
poilal point, tliat is the point of tlic .^ky opposite to the sun, but opi- 
iiioiii appear to tIillVr a.*' to wliotlier this imaye would be a.s large and 
bright as the siiu or whether it would appear as an extremely faint 
star. 


R. J. PoCoCK. 
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SOLUTIONS 

Question 329. 

(.M. Biiimasesa Raw) ; — If the peilal circle of I’ with rer>pect (o a 
triangle ABC touche^i the nine-point-^-circle of ABC, show that the sum 
of the angles PAB, PBC, PCA is constant. 

.Aflditional Solution b>j the Proposer. 

The following simple result concerning the rectangnlar hyperbola 
which may be proved easily by the anharmonic property of conics is 
liere assumed : — 

ABCPQ is a rect hyp, perpendiculars QD, QE, QF are dropped on 
tijo sides of ABC intersecting PA, PB, PC in A', B', C'. 

Then QD. QA'=QE.QB' = QP. QC' (1) 

This is the converse of the theorem. ‘If two triangles ABC and 
ABC are conjacate with respect to a circle, they are in perspective ■. 
if P and Q be the centre of perspective and the centre of the circle 
respectively, the conics ABC PQ and A B'C' PQ are rect hyp. 

If P and Q be isogonal conjugate points and D'E'F' the pedal 
triangle of P 

we have PD'. QD = PE'. QE=PP'. Qp ... ...(2) 

Prom (1) and (2) we see that when ABC PQ is a rectangular hyp. 
QA', QB' and QC' are proportional lo PD', PE' and PP'. and being 
parallel respectively, the triangles A B'C and D'E F are bomothetic. 
But we know that .any inverse triangle of ABC-call it LMM— 
with respect to P is similar to the pedal triangle of P, the angle of 


■similitude being the complement of PAB + PBC-f PCA. It follows there- 
fore that ABC and LMxV are similar and being in perspective, one 
ot ,he two „ltcrnat,7e, or.ae, - either they arc homothetir, or AUCP 
a coacychc ae also A’B'C’ [•. The socoa,, alteruative being reiecle!l 

'tat A B'i an, 

ai’»:^.it„do vanUhi ‘"O' angle 


Hence PAB+PBC+PCA ie e,nal to one right angle 

poinf’p".^- or„ro^‘o!t:t.M c-r :r rj'h “ 

triangl, tonchee, the nfae-poinLirciro, that triangl''^'''"* 

1 he above proof fails when P is on • , 

in this case the result follows more ea.silv For ; bat 

of intersection of McCay'a cubic and ‘the ci- / Pomts 

Mr. S. Narayanan's paper on Three so cial " 

of the Joarnal, t“-ee special points’ page 85, V„j. j 
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Question 427. 

(S. Ramanujan) :—Ki press 

(A«’+H«!/+Cy) (Ap>+npry+Cy^) 

in the form A«-+ Hyv+Ctj", 

and hence shew that it 

( 2 j:'+ 3 a:i/ + 5 !/-)( 2 /+ 3 i^ 5 + 53 ’) = 2 H*+ 3 «r+ 5 i>’. 
one sot of rallies of 14 and i\ is 

M-r (*+y)(f +9)— 2*^). v='2qy~{x+y)(p+g). 


(1) 

then 

where 

Now 


Rut 


Solution ^1) by ' Zeio *, (2) by S. Sarayan. 

Let /(a:y)=A3:’+Ba:y+Cy’=A(iC— ay)(ic— 

/(pg)= A/>*+ Bjjy + Cg*= A(p— a^) (p — /?g), 
a and /? are the roots of A\*+BX+C=0 
/(»y)’/(i>.g)=A®{ (x—ay)(x—/8y)(p-aq){p-/^q) } 
= A* {px + a\y — a{py+qx) > 

{ px+jS'qy—/B{py+q-^) > 
Aa'+Ba+C=0, and A/ff’+B/ff+C=0- 
i Apx-A.a{py-^-qx)-qtj{Ba + C) } x 
{ A^— A/?(/>i/ + ^»)— gy(B/ff + C) } 
sA(u--av)(i4— 4t’) 
sAu’+Buf+Cv*,. 


where A>»a— C gy=uVA^ A(/)y+g*)+B9y:=t‘VA. 

A general eolation can be obtained by the following arti6ce. Tb 

(a,() snob that 

/(o, 6)=o square 
=c’ (say). 

Then firy).f(j>q).fiab)-A\x~ay)(x^/}y)(p-aq)(p—/iq) 

{a — ab)(a—j8b). 

By rirtne of the quadratic Aa*+Ba + C=0, the product (*-a 

(p-aq) {a-ah) can be reduced to the form («-ar), where u and v 
rational functions of (xypq a b) 

{x—/3*y) (f»— /? q) b) = u—^v. 

fix y)- fipq) fi*^ 6)sAX«-ar) (u-/?f) 

= A*(AM*+Bui-4Cr’) 
c*. fixy). fip g)=A*(A w’+Buf+Cr’) 
f(xy).ifp 7) = Al4'*^-BI4'r'^ Cr'*, 

«' = Au/c, v =Avlc. 

The general eolation of.the indeterminate equation 

/(g, f>) = c* 

leade to a corresponding general solution of (iie proposed question. 


Similarly 

« 

• ■ 

i.e., 

Hence 

where 
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In the partioular cage of A=2, B=3,\C =5, one solution of 

2a’+3ai+5l* = c’ 

jsa^l, i=— 1, c=2, ami %ve easily write a set uf values of it un<l v 
clitferent from tliose pven l>y the proposer. 

(2) Ax’+ Biy 4- Cy* may he easily thrown into one of tlie three 
forms 


{lr+ my)*+ (ji-r+y)’, (f x+ »uy)’+ {i- + ny)-, 

provided B* + 4AC<0. 

Similarly Ap’+Bpj+C^* may he expressed 

And since (u*+h*) (c’ + rf^) 

can he expressed as the sum of two squares in two ways, it follows that 

(Aj* 4-B ly + Cy’) CAp’+ + 

can bo expressed as the snm of two perfect squares. Hence expressing 

Au*+Buv 4 Cr» 


as the snm of two squares and comparing with the above form, the 
values of It and V are easily obtained. It is clear that there are 10.^ 
ways of doing this. The values of tt. w given by the proposer for the 
particular question constitute one of these way.<. 


And 


|y-^(a--+y) <p+q). 


constitnte another solution. 


Question 5081. 


(S. P. SlK.JABAVKI.O Modai.i.sr):— I f e„ 
reoipiorals of the first « natnnil numbers, 
series. 


stan’fi for the sum of the 
6 d( 1 Ihe sum of (he infinite 



Be^narks hy [J. Hr, 
We are required to eyalnnte 


cc 


« + 1 


n = 0 


a = 13 (‘2«-l) , , , 

" ii (2nj~’ «-+i-l+3+. 


• + 




where 
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U id eadj to obtaio a variety uf deBaite iulcgrals, (sioiitle, doublo, 
and ti'i|>le) fur lliu value of >S, but; I Imve nut been nbb* to tioil n for* 
luula givin|f its iiumericul value— 

.1 

(1) As -| log(l-?). 

S = Ing (l—o/ \ 

Vo J 


Now 


and 


X 


fl + i sin’ 0)~-=^(i„( — . t)" sin’" 0 , 


o 


.2-77 


X 


J 


c (1 + x »in’0) 


d9 , _‘n J f 

t2>“" ^ ' 


u 


— 1 

o 2 f2 r* iog(i-g; . , , 


The integration with respect to * can ho easily performed, but the 
result does not throw any fresh light on the subject. 


•n 71 


{■2) Again we may lake J " !*ec’’'4. d0 and 


o o 


we get 


TL 2L 1 


4 r2f2/ log(l — x).iIti}Q d4. 
^ ” " ii ’ -^ o ' oV ) 

2u d'l—,, ii_ ^ ”1 

(3) We hove 2(n + lJ 

/. = 2 (a„’— o„art+i) 

n+1 

-IT 'Jt 

-1*2 r2ain’'’0. sin’"?. co>*,'.dt 


-:ri 


Cl o 


and (-l)"s..*. 


•f t »n 


(f-1) (t_2) «-3)...0-«+i ) 


(M + 1)! 




7T 7T 


S = c„efEcionl „f ( n.A f « f ' ''^4^ V(< - lj('- 

TT j^ J sin'0 bm-4 (w-fl)! 


o o 


tr ^ 


,.=0 <"+*' 

3iD»"+’<r 


= coefficiGat of t I 2 | ' f- 1 + (1 + sir.’G cos'^.)' * | 


o 0 


71 7T 


_ ^ l' 2 f 2 '^0 '/ r- co.s*-f [pu{I +»ii>’0 aiii’j > 
J sin’0. ain-f l + sin’O ain’t 


(4) Another from of I lie integral may be oUlained by using lh< 
fact that 


/ 


1 71 


O 


d0 

Vl — 2r cos 0 + r2 


= 2t!lu,.’ r»^ 


Question 591. 

(A. H, Kki-sii.samvaui Aivanoai:):— Two circles intersect at A and 
H , the tangents at the extremities of a double chord through A meet 
in X. .Shew that XY perpendicular to BX curclopes a circle. 

Solution by ‘ Zero 
1/Ot r.\Q be the itoulilo chord, then 

XPA + XQA = PBA + QBA = PllQ. 



• • 1‘BtJX is cyclic. 

Noiv BP, A>t sin (i .(.a)/ .lin „ 

BQ = .\,B ,in ( t + a)/ sin /? 

XBQ. " PBQX 
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kleuue BX = AB sin* (<fi+o)/(sin o sin /?) 

= AB { ( 1 — cos (24+2a) } /(2 sin a sin /ff) 
oc { 1—003 ( 71 + 9 — > 5 +a) } , 
where 0 =• ABX = (24 — ir + a+/ff). 

In other words, the locus of X is the cardtoide 
r = a { (1 + C 03 (0 + a— jff) } , 
shewing that the envelope of XY is a circle. 


Question 650. 

(N. B. Panota) Ciroamscribe an ellipse about a given triangle so 
that incentre of ellipse may coincide >vith the incentre of the triangle. 

Soluti'/n by C. Bhaskaraiya. 

The areal co-ordinates of the in centre are 

a: 6: c. 

If +Uxy =0 be the required ellipse, the polar w. r. t. if 

of (a : 6 : c) ought to be identical with the line at inhnity, is+y+s =0. 

cG+6H=Ha+cF — Ga+6F. 

P : G ; Usa (o— 6— c) : 6 (6— c— c) : c (c— a— 6) 

Hence the ellipse is 

a (i+c— a), yz+6 (c+a — 6) rjj+c (a+t— c) «y=0, 

To trace the ellipse put ^ and sec where it cats the bieeutor 

V C 

of the angle Aj and so on. 


Question 671. 

(K. J. Sas.iana, M.i.): — The numbers from 1 to 2"— 1 being arrang* 

ed on n cards on which the least numbers are respectively 2^ 2' 

2 '‘"‘ as in Question 640 , prove that the sum of the nauibers on the 
card is 

Solution by N. Sankara Aiyar and V. Anantaraman. 

The tirst nombec on the /•"* card is 2 ^"* and all numbers will be 
found on it which when divided by 2 ' leave remainders greater than or 

equal to 2'’“‘. 

Hence the numbers on that card are 

/r-’+(2'-'+l) + ..+(i 5 '-‘ + 2'-'-l)} + {(2'+2'-»)+(2' 

+2-'+l>+.> 

+ { (2'2’^‘*^ + 2^”*)*h'(2'2'+2'*’+ 1)+ ••• ••• } ••• ••• 

+ / (2"— 2’'-'')+(2‘— 2'"*+l)+ ••• +(2*— 1)> 

' - = 2 "*'x 2 '-'( 1 + 3 + 5 + ... +2"-'+‘-l); ... ... 

+ ?^(0+l+ +2'-*-l). 
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_ 25'-*- 2*"-**’ + 2"-'- 2 '-'^ 1> 

3 2*’*-* 4- ‘i"*'-*— 9’'-*. 


1 ) 


a /' 


Question 683. 

(5>. liiMA.NOJiN) Show how to tind the cube root of sunie of the 
form A + '^B ; and deduce that 

Solution by ‘ Zero,* 

If a denote a cubic snisl any expres-rion in a can be written in the 
form (u + h a+ca*) and fnrtlier 

(a+6a+ca»)*=P+Qa + Ka* (eay). 

Thns, when either Q or K is zero, we have a binomial cnbic surd on 
the right side. 

Hence we can write 

and proceed to had the values of a, 6, c, a satisfying the following : 

rV = A'\ rP = A 

[ or K = 0 

.Ra'=B^) r<Ja=Bi 

lu the partTuular case stated, A=— 1, Ba2 • 

P=a«+6-a»+c’a«+6abca*, 

Q=3o*64.3ac*a"+3A»ca\ 

R=3af»*4.3a*c+36c*a\ 

an.l suitable values for a, 6, c, r are seen to be 

a=-i=.c = I, r=l. 

- 4 pat »=. .oa » = vb, .o t,.at 

a’+6’+o6B=0 
t = -«a.ifB=(^w+jL^. 

and wo may, without 1„„ „f „riJa = o-l ’ 


R 


and 


TI.0 ...oblom i. thu, ,„Wod, *ho„ B i. ,ho f„om ('„ + .L'v 
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Question 725- 

(k. B. Madhava) Shew ibal 

xJx 

, • , converges, 

J l+x’sjn*» 

but tlial 

•® jrVx , . 

diverges. 

1+x* sin* * 

•VoZu^ioti by S'. R. iianyanathan. 
Tlie condition for the convergence of 

z/B 


/ 


r 


l+xo. sin* X 

are fully tiiscus-soil in Bromwich: InjiniU StritSt App. III. Art. 166. It 
IS proved lliere that the integral converges or diverges with the series 


i e., according as a>2(/ff+l) or o<2(>5+l). 
Now taking /3 we get that 


r 


X 


dx 


l+« sin*x 
converges if <i>8, and diverges if a < 8. 
Hence the results given in the question 


Question 800 

(S. MAi.irATii Kao):— S hew that the sum of all fractions which may 
be repreecuted by » recurring decimal of the form .ahed is 50, proTided 

Solution (1) hu Q. L. Gupta, M.A_. and S. V. Vt.nkatachalaj/y<^ 

(i) Fur all values of «, b, c and d the rconrring decimal abed 

abcd-ab_ ( lOQOa + 1005 + 10c + (/) - ( 10a + b) 

- - 9900 ' 9900 

990a+995+10c+d ... ... 0) 

" ‘ 9900 

But here o+c=6+d=9. 

(1) which may he written as 

infa4-c1-4-(6 + d) + 98(l0o + 5) 

n<MX) 


99+98(10<j+h)_99+9a^l ... ... (2) 

^06 990O 



Bnt since each of a and fc Jmay have any of the values 
ab inolniles all integral numbers from 1 to 99, besides 0. 

Hence the required sum 

= ~ ( C99x 100)+!>8(l + 2+3 + ... + 9!>) > 

- ^ fuqnA .98x90x100') ,» 

-90001 2 )=“■ 

Note: — There 13 a slight mistake in the printed question in which 
the decimal reads (-afccd). 

Solution by H. Bf. and (2) K. B. Uadh'iva. 

(2) The recurring fraction (.ahcd) 

_1000o+ 1006 + 10c 
9999 ~ 

^ 99.(I0 a + 6) + 10(a+ c) + (6 + d) 

9999 

_10o+6+l , . . ^ 

JqJ > a3.o+c = 6+ds9. 

As a and 6 assume independently all values from 0 to 9 (inclnaive). 
the numerator assumes (once only) every integi-al values from 1 to 100, 
The sum of the fractions is therefore 

1+2+3+ + 100 

TOl 


... ,, Question 8oa. 

(S. KmsuHASw.vui Itenoar) Prove that 

( ^2 
> r(»+i) 


(i) 


y) Iln+l)f 1_ 4 / 4 


-Vn 


(ii) 


yUn+J) 1 J 

^r(»+l) (2m + 2»+i)' (m + n+l) 

— 2_ r(,„+i)*. 
ir(m+i) 2m+i- r^,+;r5 j. 
SoluUun by ,<?. It. Ranganathan and S. V. Venkafachallayua 

(i) 1 his IS the same as Q 664 solved on p. 69 of VoL VIII^ J T \f « 

(ii) Wo have, for 0 < «,< 1, ® 


o 


30 that, 
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1 ^ 
■ottiat, = j 


o o 


1 


Zjr(n+l)J 

o 0 

^V<r(n+|) 1 


%.e 


•t 


f r/i^ i * r(m + l) _ s) ^ 

r(m+^) ^-ir(n+I) m+»+l 


In the abo7$ the change of order of iotegratioii and anmmatiou U 
permissible since the integral on the left is conyergent and the terms 
in the series on the right are all positive (of. Bromwich luliniie 
Series App. Ill, Art. 175. Theorem B.) 


-1 


By treating similarly the expansion of (1—3^) - we get 


•* / \ * _ \ ^ r(n+^) 

* t * \'i) / I i\ y i\ 


1 


r(w+l) ^r(»+l) ( 2 m+ 2 n+l) 


o 


Now, 


00 




r(H + l) (2fn+2M-t-lK"»+"+l) 


o 


=V J>±iL/ 

Zj n«+i) I 


r(«+l) \.2m + 2n+l 




‘+1 vi + n+l) 


- / \ »/ n”*+0 _nwH) \ 


_ fr(m+i)_ 2 r(f?^j)\ 

lr(m + l) ( 2 m + l) r(m + f) J 


Question 8io. 

(T. P. Tbitcdi, M.A., I..L.B.) Find the values other than eero which 

satisfy the equations :— 

s; t/=z-»', s»=*-y. 
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Solulion by IT. Si\ 3. Gangudharan, K. ,‘^unliimtm, Kinturi 
If Sc., and F. H. V. Gulasekkaran, B. -1. 

We lia?e 



«'+«/■+-' = 0 -; 



R 


and 2:*+:/*+r* = 5;a;*(y— :) = — (j,-e)(r— .f)(;r_y) = -a;y=» J 

[_'lhe system of eqoations B is composed of the system A togethei' 
with the system derived from A bj changing the signs of .c, y, r.] 

Let (ar, y, .*) be »hc roots of qt—r^iO. 'J'heii from (B), 


/>* = 2 g. 

pq = 3r 

and r(;)+r) = 0. 

If r=0, we get p=g=0, or x~}j~s=.(). 

If r=^0. we get q = -3, r=‘.~y^ ; p* = _6. 

Thus X, y, z are the roots of 

t*— pt* — 3l4-p=0, wbei'c p^=:— G. 

Put /‘•=pf+2, and"we get 

/t +6 /a. + 16=0. 

The roots of this equation are 

< ( 3 - 2 V 2 )^'-( 3 + 2 V 2 )^} 

V5 { (■J-2V2) "f)-(3 + 2V2) iu,’ } 

= 

From these we dodnce the following 

100x = -153-2- 
I0(>/ = — 118-462- 
1002 = 118 - 462 . 


types of values of x, y, *, 


^approximately. 



I 
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QUESTIONS FOR SOLUTION 

943- (HtMRAJ) If rt be imme ami 

(a:+l)(x+2)...(a: + H — 1) 

=*"-'+ A, x"-*! A, 

'she>Y (liat all the odd A*s except Ai are divisible by n’— 


944- (.Sadasand) Prove the identity 
i (x) 4 -S,*^.'(*)^— .• 
I! 3! 


= #(2a;)-55,4"(2.r)£+S,4''‘ (2*)*‘- 

2! 4! 


where is the »tb Eolerian nomber and San is the n the" prepared 
Bernonllean namber. 


g 

Dedaoe that log 2 — ^ 


St S 4 . ^ 

2.1 3 2‘-2 5 


945 . (Sadax.vsJ)) ; — Pill up the vacant colls of the following 
laagiu aipiare 


46 




16 1 

1 

54 

» 1 

39 

i 

1 

1 


27 

1 


1 — 

1 

50 

1 

1 

1 

35 

1 

1 

73 

1 

1 1 
1 1 

1 

j 

43 ' 

1 


946. (M. K. Kbvai.ramani):— Show that there are forty points on 

the enrve i:»/o*+y’/fe’=8»y. that if tangents be drawn from them 

to the ellipses* a*+vVV=l. Points of contact have got the.r eocent- 
ric angles io ratio 1 ; 2. 


947 (M K Kevalr*m*ni):-A triangle ABC inscribed in any 
touche,' e copfocal ellipse ut the point, D, E, F reepeotivel.^ 
Show that the ratio of the triangle UKP to ABC=r/(8R), where r, R 
refer to the triangle ABC as nsnal. 


ft4B (M K. KEVAUiAMihi):— A perfectly elastic particle, acted on 
by no forces is projected from the centre of a rectangle whose side,, arc 
si and •2b (a>?I) to strike the bigger Hide first apd then goes on re- 
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bounding from iis sided. If it erer through ad HDgular point 

show that the direoliou of projection mAke:^ with the ^mailer side an 

angle tan ) where m n are integers, and if it ever strike 

0 + 1 

any {.oint of the smaller side other than the extremities, the angle 
aiust be of the form tan f- ^ 

\y2m ) 

949 (C. KcisHNAMA'-UAnr): — With the usual notation for th® 

uuoibers of Bernoulli and Euler, show that 

2.. = B, 2’(2'-1)(^")-B,2 (2*-1) ( ^ ) +«> 2' (2‘-1 ) ( ^ ) 

- (-1) Bu 2*" 

(-*)" E„(2«+ I) =(-!)" B,. 2’" (2*"- 1) ( ^"+1^ 

( - 1 B,_, 2>"- ( 2-"- - 1 ) ( -'■3+ ’ ) + - B. 2> {2>- 1 ) ( 2" + ^ 

+ (2n + l) 

‘l-e cu^ffideutB of x“ ,h, 

1 ^ 1-3 


■r* 1-3-5 


I -,c (1-V)’^ 2 ! {i^y~ 3 ! 


(1— *) 


1 + 


and shoAT that its som is zero when n is od.l, and(-l)"’ 

l-3-5-(2m_l) 


951. (C Kbisbnama' Hart) Prove that 
w 




__(joBU2^/;;^ (2.„-i_i, 

cos (cos x+rin ^ 


dx. 1)B 

4n ^ • 


(4)1"^ _1>C8 tan x) , 2‘"-ir 

o (cos x-ei^j5"= 




952- (CuMMUNiciTED BT iMr. Hbmraj) : — The polar reciprocal of aa 
cciuiaogiilar spiral with respect to a I'ectangnlar hyperbola having its 
centre at the pole ami touching the spiral is the curve itself. 

953 (CoMMDRiCATED BT Mr. Hb.mraj) : — Two of the common 
tangent.s to a circle S and a conic. T meet in P and the other two in Q. 
Show that P and Q lie on the same confocal to T. 

954 (l^. B. ilADHATA); — When .asked his age De Morgan once 

humorously observed : “ I am one of those whose age shall be in a cer- 

tain year belonging to the centnry of their birth the square root of that 
year.” For, being born in 1806 A. D., be was 43 years old in 1849, 
and Show that the same observation will be (roe in the 

case of those born in 9 particular years in all sQb.seqQent centuries. 

955- (K. B. Mauhava) : — The .5th, 13th, l7th. 29th and 37th roots 
(if rational) of a number end in the same digit as the number itself, the 
numbers whdn fractional being expressed in decimals. Prove this pro- 
perty and illustrate how it enables one to give oak at sight the above 
rational mote of big nnmbefs. 

956- (1^. B. Madhava) Find the years of the present century in 
which the month of February will have (i) no full moon, (ii) no now 
moon. 


957. (Marttm M. THoiiA.s, >i. a.): — From a Uexible envelope in the 
form of a surface of revolution formed by the oorve «=/ (y) revolving 
about the a.xis of x, the part between two meridians the planes of which 

are inclined to each other at an angle ^ is cut away, and the edges 

m 

are then sewed together. Prove that the meridian curve of the new en- 


velope will be s 



Hence show that, if a lime of angle 


IZ! bo cut off from an oblate 
6 


splieroid, the minor axis of whoso generating ollipse is c, and oewntn- 
city -2, the meridian curve of the new surface of revolution will be the 

, . S . X 

curve of sines y=-jC sm -• 

4 c 


958 . (Mabitn M. Thomas, m. a.,) histabhsb the formula 


d"u _ r_„ 
dx” * dx' 


d’ r.v 




- 

where n>p>q>r. 

959- (M- "! • N.'BAMi^RoAi') : — Thu sides AM, AC of a triangle ABC 
arc produced lo H, 10 socli llial BD^f h — BC- 

If the Circle ADK cuts the straight Ime All, in J, prove that 

I,J=i II,. 
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On til© addition Formulae for the Jacobian 

Functions E and II 

1q the following pages 1 propose to deduce a few of the expressions fui- 
Eu,+ Emj+ Eu. +Ef<. and those for II(hi,o) 4. [I(H„a) 4 .U(u,. a) + II(tt 4 , a) 
in terms of the so, co, dn funcliuua of u„ u,, u,, when Wi + Mj+Ui+Uf 
is coDgraent to zero. 

§ I. Preliminary 

1. To begin with let os establish a few preliminary resalts which 
will be belpfol to as in what follows. 

For this purpose, let tis consider the points of intereeotion of the 
fixed OQrr% 

y’=a:(l— jr)(l— frj;) ... ... ... (i) 

with any arbitrary ohoseu parabola 

tf=} -i-TTix+m' ... ... ... (ij) 

Now, if any point (.Ci, yi) be taken on the onbiu (i), the equation in x 
8n*(t/, k)—Xi=0, where k is constant, 
has two solatioDs + 1 ^,— u^, and ail other solations are uongruent to 
these two. 


A.gain since^ (sn'-'u) =2 sn u cn « dn u. we have 


A 


Let as obooso i*i to be the solution for wbiob^(Rid«) = -f2yi; and 

let (x,, Ur), where / = !, 2, 3. 4. be the points of intersection of (i) and 
(ii) ; so that x^, x,, x, are the roots of the equation 

P = + ••• 0»») 

and F {x) = ix-xiy.x-x,){x-x,)(x-xi). ... ••• 

The variation ia of tliese abscissae due to the vanaliou in 
position of the parabola (ii) is given by the equation 

2(f+ f« Xr + n x\){dl + xrdm+x*,dt>) -O. 

Kemembering that 1 + m *, + « *r*=y». we obtain 

dxr_+2idl+xrdm+x\n) _ _ (V) 

y-- F '(*0 

F'(«,) 


HOppOrtC. 


8S5 


Then ainoe xf(x) ia of lower degree than F(a), 

4 

/(gr) g, 

P(a!) ^-/ F'(x,)i x—Xr 

» = 1 

provided a,, a, are all tjoeqaal, and P*'(a,> ^ 0. 
Potting »=0, in (ri) 



4 

=0 

A F'(g0 

r = 1 
4 

y ?i'=o. 

S'- 

r = I 


(Ti) 


4 

^ 9u,=0. 
r = l 

Honoe the anm of the paranietera of the poioi of interseotion ie a 
oonetant and independent of the position of the parabola and it may 
be easily shewn to bo congrnent to zero 


Hence eo long as u,4-u^+w,+ u^=0, we may deduce relations be- 
tween symmetrical fanotions of (where d, stand for sn 

on dn u, respeotively) frooi the raloes of the symmetrioal fonotione 
of tbe roots of the eqaatioo. /•••\ 


2. We have from equations (iii) and (iv) above 

^ = I rasl 


=i. 


4 ♦ • 


= vrr=Jo(i^)(r-».)(i-.r) = 

= ! + *■.“ +4*j 

n n 


(iii) 


(a) 

(/?) 

(y) 


•» n ••• (5) 

Hence eliminating f, m, n between (/?! fv1 u • . 

woU known identity of Gudermann ^ ^ ^ 
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Writing in the identity (A) successively, (ug+K, m^—K), 

)> (« 3 +K— »K', — K+t'K) for («,, «,) respectively, we obtain 

the following relations quoted in Whittaker and Watson’s Modem Ana- 
lysis (Revised Edition) from H. J. S. Smith, Proceedings, Lond. Math. 
Soo. (I) X 

A' (^iSjCjCj— CiCjSjig)— ... ... (Al) 

A'*(si»a— c,c,d»d4=:0 ... ... (A2) 

d,d^,e, + c,C4--c,c, = 0 ... ... ... (A3) 

3. Again, let ns evaluate the functions 

4 4 4 

in terms of /, m, n, 

s, Zu Cr ^ d, 

r=\ r=l 

We have 



4 4 4 

yi/+TO*,+rMB*, 

^ fr 2mt X, 


r = \ 


Zj 

r=l r=l 

= ^— + + 4wi , 

«r 

=r+-- 

Again \ T * A _ \ ' y, _ \ mx, -^nx,^ 

1j c, Ijl^x. Li l~w. 

This fniictioD is besr oraluated by substituting pr for and 

forming the eqantioD vrhose roots are the four values of Pr. We can 
then by easy algebraical processes deduce that 

Zj Cf n + 

Similarly from the eqaation whose roots are we deduce that 

uJ </, n(n -f 

From all the foregoing, we are in a position to deduce several rola* 
iions. We shall select only such an will he neeful for our purpose. 

4. We have 


- =tV 2«i»,#*e4 + 2<5iCiC.04 — 2 > 

fl K 

= V(2 — £d,* + 2did.diit — 2A*»,*s*4*4) 
-1 \\c/K 

tS‘^\t^:r^Li Sr 

1 


• • » 


• •• 




»»• 


• •• 


(Bl) 

(B2) 

(B3) 

(B4) 

(B6) 


887 

Portber, writing u,+K for h. in B3 ;-nd m B4, and u, — i K' for o. 
in B5t W6 obtain 

^ 1 ^ \ C, 

fc.^ rj 7 T^} ••• (® 7 ) 


^ 1 ^ \ c, 

A'V.V. + c,w,2j*^. ■■■ ■" ■■■ 

the summation extending to the snffixes 1. 2, 8, 4, 

Bj eliminating j; between the equations (i) and (u) of ^ I, we 

obtain the equation whose roots are y„ y,, y,. Evaluating from ihiH 

4 


equation ^ we can easily prove 

r=l^ 




§ If- r B(u„ *) when M, 4 .,/, + Ujq.u^_ 0 . 

5. We have E («„ k)^f(dn*u,) d«, 

= (dO^ 

2 J U • 


r=l 




^ 4 r 

Y E («„*)=. '41 \' 

^ A J ■ " 


Now going back to our equation (v) of § 1 

X, (dl + x.dm + xj ^m) 

Bj tbe method of p„,i.i 

^4 




'. we can easily prove that 
4 

and */ _ . 1 


'5’’ - + * 

r<x,)-+;r» 


2 
r = l 


2 ^ 

oa • 

i/r 


:. Y i 


(B9) 


(^) 


Henoc 


888 


•9 

from (£), b(u„ ... 


• • • 


( 0 ) 


r=l 


Hence ^ E(«„ k) bas for its values in terms of e„ d, 


r = l 


oaoh of the expressions in B 1— B 9 in § I moltiplied by k*. 
6. E(u„A:)+E(«i, ft)+E(u,. k) when Ui+!*,+ «*=0. 

In the above, potting U|»0, we riedooe that when 
B(u„ As)-f’E(ut, A:) + E(«,, k) 


=*Vv,*+V+V 

+2c,c^-2 


... (Dl) 

=s*Vl-c,*-c,*- 

-c,*+2cie,CB 

• • • 

... (D2) 


— t£»*+2£iid^) 

• as 

... (D3) 

= — **#lV8 

••• •«» 


... (D4) 

*> 

/ 4- 1 

• •a 

... (D8) 


‘ 1 Cl e, c, i 



*• 

/ «1<*J . »*C, . *iCt\ 

« * • 

... (D6) 

1+*'WA)* 

H d, ^ d, ^ rf. / 




§ HI. £//(«„ a) when ih+«s+u,+U4=0. 

7. Now, since 

/I(U„ k. „)=|^l5i£5li5±£5liL'a«, 


tr/ 1 X I OD <2 dn a 

k, a)H Ur 


sn a 


a AQ* Ur 
cna dn af 

j 


so a 


fe*00*a an* n/ 


Then putting »n-u.=»,!j:^=Xi°A^“=^; remember 


ilc*8n*a 


**80*0 


ing that ^u,=:0, we easily deduce that 
r = I 

4 4 




2r/(«„ k, a)=ifl.2 

r=l 

going baok to eqoation (v) of § I» 

0». (aappose), 

fW) 

4 4 

^ ?2r- V /^*») 

2^ yT"" Z<(X-av)r(«V) 


(«*) 




»1 
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Again from (iv) of § 1, 

F(\) = nV\-a^)(X-x)(\-..)(X-^.) 

4 

y/(^> _ Y' fu_>_ 

'—“I 

since, /(\) is of lower decree than F(X), 

4 

Henoe ^ (\\ ^-i-'2dq+m\ + n\^) 

Zj X-.T, y. F(X) (/+mX + NX*)’— p.»’ 


r = l 


_ 1 r dff+J*'X+»»X-j _ d(i+>nX + nX’) '] 

fL !.?f- /« \ -l-nX* — ^ ^+T/iX 4 '»X’ 4 -^ J 

= ^-a log 

4 

— •’’r •/. ' ^ + ntX 4 -^X*-|-^' 

4 

N' //(«,.A-.a)=ilog;±^\±^^>^ 

2 /+ + 

= Huy. 

Aftor Aubstitutmg for \ un<i fi, 

4 + H.W cca.l.m 

l + -^A:W«i + !fr‘si,«o+** Bn„ cna dna 

^ n w 

„ft,r ,ob,ti,aliog fr..„. (/I), (y) ,, j ^ , 

respectively, ^ ' ■-»* > 1 1 

+ Qsn^a—Rsna oqu dna 

1 + P sn’a + Q sa^a + K sna VnrdK^* 




<U) 


whero 


P =feVc,c,c.c,-».M.*.- 1 ) = 

= rf . -fr*c,CiC,c , _ 1 4 - jfe«), 

Q^fc**,***-'.. 

4 

K= 2J=K.A), 

rrsl 

whioh is already expressed in terms of c., in § H. 
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8. Now patting ««=0, we have from above, when 
n (JH, k, a)+77(u., k, o) + 77(as, k, a) 


- *. log 


1 +U<n*a — \V sno I’tirt dnu 


= 5 lop (nay) 


1 + U>n*»;+ VV sno cd<» dna 
whore IJ *=fc*(o,C 5 C,— 1) = 

\V = E(«, /•)+>:(«,, fc) + K(« . k) 

= the expressions Dl — D6 in § II. 

= — in particnalr 
With these valoos 

(lD*o+A:*sn V C|CjC,4 fr^sna cD>i 
dn*u-f-A'’sn*a C|C,Cr. — i^sna onu dno.9,«iS, 
_cn’a-;-sn’« J,(f,J,+A:’sna cna dno 


(K) 


(Kl) 

(K2) 


cn*u + .so''‘a.d,cl3d., — A^ sncj cna dna 
expressions ea8il7 remembered. 

9 . It will he interesting to deduce from the above the eipreesion.s 
for fi given in Uixon’a Elliptic Functime. 

Taking U V) 

and W — — 

the expression (K) above reduces to 

_ ( I — t’sn’asn’w;,) + fe'sno.Xi«j(8no.Cjd* -ffycno dna ) 

( I — fc’sn*«sn''» ,) + ^r*sn«.f|»,tsntt.c,tJ, ~ «j.cna dna) 

dividing the numerator and denoiiiinafor by 1— A-’sn*o«n*«„ we obtain 

~ 1 -f-A-*flna.*iesan(a— «,) 

10. Again from the expressions for ho m, sn Uj. sn a en («i + «*— <*) 
obtained by snbstituting in turn A s=Ui, B=U5 ; A =mi4-m»-*o> B— <* 
the forronla 

. snV(A+B >-en»KA~B) 

we have snC«, + «.-«) = 

r l-fc*flni(«,+ «,) 1 r 1 - 

Writing-u for a in this equation, we have a second equation, which 
divided by the first gives 

r 1 — fc*sn*-a(ti, — u,)SD * ;;(«!+ »a —2o) 1 ^ 

" 1 f- fe*hO*i (u, - i*i)sn»A («,+«? + 2o) / 

( I-feW^fu.4-««)sD;U«i + «^+2a) > 

■; l~A‘sn*i(tt, + i*,)8n*i(«i+«’-2a) J 
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Again from the formula (N) abore, 

l±Asn = * (A-B) > 

1-** sn*| (A+B) 8n*i (A— B;. 
[l-A:*8n*A (A+B) 8n»|(A-B)]»= 

(A-Bl > 

(1— A:>8n’ A an* B) 

In this eqoation writing in tarn 


Az=u,+a, B = «,+ a; 

Asm,— o, B=t*a— a; 

A=«j+tt,— a, B=a; 

A=f<i+u,-f-o, Bsa ; 

we get eipresaions for the aqaare of each of the faotora of the namer- 
ator and denominator of the expression M2. 


Hence we bare after 
denominator^ 


cancelling like factors in the numerator and 


{_!— iW(u,+a)Rn« {u,+a) > _ 

< 1— A:* Bn» (0,-0) so’ {«,— o) > ^ 

ij— A-* 81^0 8n^(«,+«,— a) > 

< 1— ft* Bn*o an* • “* (^2) 

St. John’s CollcgOf ^ 

Jaffna, Ceylon. j GgLASEKDARAM. 


2 
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SHORT NOTES. 

Pascal Hexagon. 

The • conoarrence of the Pascal lines of a hexagon inscribed in a 
conic, is proTedlhere by the properties of the Homographio Ponotion, 
Reference : The Note at the end of Salmon’s Oonie$ and my preTions 
paper on " the Homographio Fnnction as an Operator.” (J. I. M. S, rol. 
VIII, p. 202), 

I. Introductory : The properties connected with Pascal’s Hexagon 
deal with cases in which three correspondences hare their doable points 
in involntiou, No simple necessary conditions for this can be given, 
hot the following theorems give sufficient conditions and are applicable 
in many cases. 

Theorem I. If S is a given correspondence and Si a variable corres^ 
pondenct with given double points, then the double points of Si S belong to a 
fixed involution. 

Let I represent the involution determined by the double points of 
S| and S. Then S| can be decomposed into the product of a variable 
involution I, containing its double points and the involution I (J.I.M.S. 
Yol. VIII, p. 202) 

Thus SjS=IiI- S. 

Again since I contains the doable points of S,IS is a 6xecl involu* 
tion r containing the doable points of S—{Ibid) 

Hence SiS=IiIi. 

The double points of Si S are the double points of I, I' t.e., the 
common paiv of^Ii and I'. Thus the doable points S, S belong to the 
fixed involotion P. 

0(W. In particalar if ft be a oorreapondence of period three, the 
doable points of S, ft S, ft® S, belong to an involntion. 

Theorem II. // lu l>^ involutions having a common pair, 

the double points of /,8, hS, hS, belong to an involution. 

Denote the oommon pair by t, and the doable pair of S by a' 
Then by the theorem qaoted above Ii It Ij can eaoh be split op into the 
product of the involution I containing » and s and throe correapond- 
ences having p as their doable pair. Hence patting IS=S', the 
theorem is reduced to Theorem I. 

Theorem IH- If product of three correspondences is an involution 
n whichever order they are Men, then their dwUo points belong to an 

involution. 
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If SiSjSg and SjSiSj are involutions, the prodnct of S|, Sj, S* in any 
order is an involotion. (This follows from the theorem that the para* 
meter of the prodaot of a nomber of correspondenoes depends not on 
the aotnal bat only on the cyclical order of the prodaot. {vide: the paper 
on one-one correspondence above referred to) 

The condition that the' correspondence may be an involotion, 
is a+d=0. 

Hence forming! the prodacts S|S]S), SgSiSg by the ordinary rales of 
mnltiplication of matrices, we have, for the condition that these may be 
involntions, the eqaations 


(«iaj + + (ai6,+ hjd3)Cj + (ciaj+dic,)fcj+ (c,6j = 0. 
and (o,a,+ 6,c,)a,+ (a^ + i,d,)c,+(c/h+<i^i)63+(<Tfc, +d,ci,)d8=0. 
Sabtraoting we find 

Cl di—oi 

Cg dg— o, =0, 

which shews that the doable points of Si. S^ Sj belong to an involution. 
II. Propertie$ of threo Pointni 

Throe points fqr determine two periodic correspondenoos 

an • . 


pqr 

qrp 


and 


prq 

rqp 


• * • • I 44 * 

If n denote one of those, the other is Sl\ The double points of SI 
will be called the cyclic centres of pqr. (Those must bo distingnis- 
hod from the so-called harmonic centres. The cyclic centres are 
dehnod by a purely descriptive process while tho harmonic centres, as 
the name doss not indicate, are deBned by a metrical property.) 

( 1 ) . From the definition of the cyclic centres as the doable points 
of the oorroepondenoe | ”^ | , it foUows that each of the inrolotiooB 

contaio tho cyclic centred. 

(2) QeOffietrical Interpretation. 

Let PQR be points on the fundamental conic corresponding to pnr. 
Let the tangents at PQR meet the opposite sides in P'.Q' R' Then P' 

f^Afnn H mterseotions of P'Q'R' with the conic 

correspond to the cyclic centres of pqr, 

( 3 ) Theorem IV. f/ a correspondence corriW (p^r) into{p'q'r') it 

camss the cyclic centres of {pqr) into the cyclic centres of p'qV. ^ 


Let S = 


.n = 9 p 

• I P 9 *■ I 

Then we see thatn^SIl=S, idenHoaUy 


pqr 

p'qV 


tit 


•«■= I 
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Henoe if 2 be * doable point of fl 

s(»)=n'sn(ai)=n'S(iB) ; 

so that S (x) is a doable point of whioh provee the theorem, 
since the doable points of ft and fi' are the ojoUo centres of (par) and 
(f'g'r') respeotiyelj. 

III. Six Pouits : Six points pqr p'qV oan be divided into two groape 
of three, in 10 ways. From each division wo oan get six oorreepond* 
ences by keeping one gronp in a dxed order and permuting the other. 

Hence we get sixty correspondenoee (a correspondence and its inrerse 
not being regarded as distinct). 

If the six points are represented as the vertices of a hexagon insori* 
bed in the fnndamental conic, the double points of these sixty oorres* 
pondenoes are the intersections with the oonios of the sixty Pascal lines. 

(1) We first shew that the doable points oi the six correspondenbes 
which can be derived from the same division, belong three and three to 
two involutions. 

Consider for example, the division (jpqr) {p'q’r’). 



If be the two periodic oorrespondenoes which carry the group 
(p'gV) into itself, we have evidently 

s,=s„s,=ns„ 8,=ft*s., 
s,'=s,', Sa=ns,'. 

Hence, by Th. I, Cor., the double points of S,S.,Ss belong to an 
involution I and the doable points of S|',Ss ,8,' belong to another involti* 
tion r. 

(2) Each of the involutions /, V contains the double points of the other 

Let (^t 3 ),(ti't/) be the cyclic centres of (p 2 r)and(p'gV) respectively, 
hlvcry one of the six correspondences we are considering oarrios the 
group into the group {fftf) (Tb. IV.) Heuoo if i, C represent the 
involutions (<,</, tjt!) and (<,</,//<>) respectively, the doable points of 
every one of the six correspondences, must belong either to t or to 

Hence the double points of two at least of the three oorreaponden* 
ces S|, 8,. S .1 must beloog (o one of the involations i, H say i and there* 
fore the doable points of the third also mast belong to i (for we have 
proved that the doable points of S„Sj,S, belong to an involation). 

Henoe I must be the same as i. 

Similarly it is seen that J' in the same as 


^5 


Now the prodoofc of i and is an mvolation, viz. Hence 

(Th. ir, Cor. in the paper mentioned above) t and t" each contain the 

doable points of the other. This is seen otherwise also, for *, i' are 

represented in the plane by two sides of the harmonic triangle of the 
qaadrangle 

Thns the involations determined by the doable points of So S„ S, 
and 8i ,Sj ,Sj' each contains the donble points of the other. 

. that the sixty Pascal lines meet three by three in 20 

points {Steiner^s points which form ten pairs of conjugate points w.r.t the 
conic, each conjugate pair corresponding to a division of the six points. (The 
latter part is mentioned bat not proved in Salmon). 

(3) Kirt(man*s Points. 

Consider the correspondences 

SiS,S,(g')=r 

SiSA(r)=g'; 

S,s,s, is an mrolatioD. 

S|S,S, (j)') = r 

SiSjS, (r) =:p' ; 

SjSjSj is an involntion. 

HI.) “d S. belong to an involntion. (Theorem 

(KirkmlirpolTlST ’ -"o-Po-li-g *« S.. S. S. meet in the point 

points in the upper group of S. fnd th^™ ^ pormating oyoHoaUy two 
lower groop Z .rp^^nting o; LeUv 

points in the opposite ^e. ^ ^ corresponding other 

^ J-here ere three waye in whioh thie donble permutation can be 

HoiX'^iai 

ner»B point.) contains Ktrkman pomts (and one Stei- 

There are therefore or 60 Kirt™ 

8 ~ l^irkman points. 


henoe 

Again 

henoe 


B- V»TimraTHA8WAllT. 
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Note on the Qamma Function.- 
Qausi* Formula. 

CD 

For n a positive ioteger r(n)= j 1) ! 

J ^ 


CO 


r (a) » i dx ss ^ 

^ ^ Jo «(«+!) 

00 


^ ( »®+’‘ e"* de, where o>0 


f a®+"e-*(ix f 3i’*”e-^de 

1-2-3...W ■'o V2-3...n 


0 

n » 


a(a+l)...{a+n) ® a((i+l)...(a+n) ' ' 

•^o J© 

It can now be shown that the ratio of the two integrals tends to 1 as n 
tends to infinity. 

Snppose a to be between r and r+ 1, where r is a positive integer, then 

CD 00 30 

f ^r+« r ^+« r (1) 

Jl a Jl 

1 

also J du lies between 0 and J »®+’* da, or t 

whence we have 

f e-’«d®= § , where O<0<1. 

a4-»+l 


J, a+»+l 

Hence from the ineqaalities (1) we can write 

00 00 

Q ®' + r «*■+" 0-^* da f a^+"e-"*d* 

a+n+l r+n+l J© 


00 

J a*‘d-'«da 


CD 


da 


/o “ 

OQ 

+»+l r+»+2 Jq 


00 


J a" e-'« 


dz 


CD 


f 3,'+'* e-"* d» 

Jo l-2 3...(r+fi) 

”0)' ^r* l'2-3...» 


L 


dx' 




Consider 


347 


siDce thei'e are onlj a finite number of factors the limit as n tends to 
infinitjof the ratio of the integrals tends to 1, and hence 

T>/ X lim l*2‘3...n 

r(o)= 


•n . 


»^oo a(a + l)...(o+») 

2. Th*! relation between the Beta and Gamma Funotione. 

r(m)r(n )_ Hm 1-23... p. (wt +»)... (wi+n + f i) 

r(m+»») n(n + l)...(n + ^) m(m + l)...(m+a)^ * 


CO 


B(m,n)= r 


o (1+*)’“ 


oo 

j m + n ( 


a" dx 




_ (w4-n)(w4-n4 -l)...(fn+i>+ 


n(n + i) ... (m + ^) J 


(1 + x) + + 


1 


_ (m-t-M)f7n + n + l).. .(tn + n + p.) t n-fp. m — 1 

»tn + l)...(n-|-(i) * (1—*) dx 

_(mj^nXmj^_n + l)..^(m + n + fL) 1.2 3.. .;i 

•'rfc 




If » lies between >• and r+1 


® *^0 






m— 1 




Lt 


j *^(1~**) d* /A.-KD + + 

A. C. L. Wiucinson. 
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A Diophantine Problem. 

/ ^ conic passing throagh the ro^tonoZ points 

(i^» 9)» (P » 9 )> then we can write ’ 


>o®=cosh «, ^=8inh u ; 7 
'o^ssoosh », 5 'ezsinh v. j 

inh (u±v)=gp'a^±pg'o2, *) 
losh (u ± c) ^pf/a ± qq. ) 


. sinh 

oosh 

Hence, the rolionaZ points (qp’±pq’), (app’±qq') He on the oonja- 
gate hyperbola aa.^—t/*= — 1. 

The Tattonal joints may, therefore, be readily constmoted as the 
ends of chords oonjogate to the radius to (p, g) or (p', q) ; and the pro* 
oess can be continned indefinitely. 

E*. (1). 2x‘-y* = l. 

Here (1, 1) is on obvions rational point. Therefore, if (p, g) is 
any other such, the points (g ±p),{2p±q) He on the conjugate y*— 2a:*»l i 
and so on. 

Ex. (2). 2*’-3y*sl. 

Here, if Q.*, g) is a point, { (5p±6g), (4p±5g) } is also a point on it. 


2 . If a«®+y* = l, we may put Bo®=cos 0 , o=: 

, 1 ’ 
pa^=coa <p, q 

i 


>, g=ain 0, ) 
g'=sin 4>, ) 


0 ; 


and deduce 


'in(0+<t)=(gp»'+pg')a 7 

;os(0-f 4) = (ap»p'— gg'.) \ 


Thus { (g/* ^ ft point on the ellipse aa*+y*—l 
3. When the equation is aj;^-f-by'=l, put 


and suppose 
so that (p, g')lie3 on 


Then 


pa'*=co8 0, gi-=:8in 0; 

p' =co 3 (oh)* = 8 in <t, 

a*+a6y’asl. 


cos (0+4)=(pp'— 6gg')a2, 

sin (0 + <F)=(gp'+pg'o)6^; 

and the points { ±( 2 P' 4 -opg'), ±.i^pp' —hqq) } will also lie on ax*-\-by*=i\, 
being the ends of a chord conjugate to the radius to (p, g). 

A similar method applies to ax*—hy*=l. 

Example ; 2a:*— 3y*=:l. 

Take the auxiliary conic z*— 6y* = l, which is satisfied by (5, 2). 
Hence if (p, g) is a point on 2a:*— 3y*=l, 

U5i>+6g), (5g-4p)>. 
also lies on the same, and so on. 


M. T. NinANIENGAB. 




Note on 0- **3i. 

(En^^oiber) ; — Find liy >elt*uien<ai-F luetiiods lU.- iiivhiiiiut '-flati-'U 
('xpressing tlie condition tiiat liPKai-on-j nijvy iio insciMli<»rl In tin' ■onic 
S=0 which are also oirciims‘;i ib« d lo ihe cnic S'=:n. 

IN.B . — Mie result, ijuoted in Salmon’s <^o.iic S- ctao/jf, 6th Edition 
p. 343, /oo/-nofe, contains an extraneous factor corre>.pouding lo degene- 
rate hesftgona. The result is given in Halphen. Fmicfiou.^ 

Tome II.] 

Sfilutioii hy A. (J L. \Viikxu$oit. 




Pig 1. 


Pig. 2. 


Wept^in eunilT -*^*^ » jointed fromeworb ahedef inscribed in a circle and 

X!^X It '’■ 

The conditions for equilibrium give 

^ 'let. . T„, g <j'. 

=^ctc. 


dm a sin d 


bo 


, sin 8in rf.-sin c Bin d sin 6 sin e sin e sin f 

CoulZ^ th^ToZ""r frame- work is in eqnilibrium. 

Then abedef ia a funicular corresponding to K 
3 
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Thin dcjabi. is jiuothcr funicular unJ tlie coriesiiunding sides of 
these two funiculars iutersect on a straight, lino parallel to KK,' 

Henco ah, ; he, f . cd, f<t in(<Tsect on a straight line NLM, the 
Pascal hue of the hexa-ou ahc<l,f, un<) this line is parallel lu KOK . 

^ 2. Con->i«ler uny funicular corresponding to 0, the centre of the 
force diagi’am ; in general it consists of a bexaeon inscribed in the 
triangle X,^ sZ,, formed by the lines aJ, be, cf, whose sides meet the 
corresponding sides of the funicnlars aheJe^, rA/a6c in points lying on 
two straight lines parallel to LilN or KOK'. 

Consider a straight line NY.Z, [larallol to aOS and complofe the 
funicnlar Z,Y4X,Z, It ,'X, ; since corresfionding sides of this funicular 
and ahedef intersect on a straight lino parallel to OK, that is. parallel to 
LMN, and \. is the point of intersection of Z,V, and ah, therefore LMNis 
the line of intersection of the corresponding f-ide-;. Hence VjX, passes 
through U XjZ,' through M and Z/V,' through N. lint Z,' V/ i.v p.-irallel 
to 05 and hence to 'i 4Z4. Thus the funicular degenerates to the triangle 
^T4Z4 inscribed in the 1 lianglc X Y Zj, whose sides pass respectively 
through L, M, N. 

§ 3. The pencil at K consisting of K/i, Kf , KO and the line 1 hrough 
K parallel to /3i is harmonic ; therefore Ijc 6, Ltf, LMN. LX^V, form a 
harmonic pencil. 

' Produce ab, cd, ef to form the triangle X,ViZ, and be, df,fa to t'orio 
the triangle X^Y^Z,. 

It follows from the harmonic pencils at L and M that XjX^X. are 
collinear. 

ii4. The jjoinlf Xj, X*, X,, X4 nre cfUt's-ni'. 

Consider the force'^, P, Q acting at u, b their resultant passes 
through X... for tluy can he replaced hy T/,„, T,„ and T,,^, and thii-* 

XjXa is the reanpiin* 

Similarly by ' I’ti'idi-iiiig P. Q acting at d. < . X-X] is the line of 
action of the resnltni t. 

Again P at Z, can he replaced hy force.s ivIoul Z,V,. XtZ, repre- 
sented by Oa, '-It . and Q at \ , can he replaced hy forces along Y4Z4 
and X,Yi rop>es. i.te.| hy aO. O/J ; whence X, is also a point on the 
resultant. 

Similarly »ViV \ , and Z,ZjZ.Z, are collinoar. 

Lot X;tX,> Y,Y. ineci in ij ; then the moments about «; for P, Q at 
a, b i.s Koro and that about ij for P. P at d, c is zero and t he P forces are 
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eqoal and opposite, hence the sum of the momenta about g for Q, E at h, 
c is zero. 

Hence g also lies in ZZi. 

Now X.XjX, is the Pascal line of afe bc-i, Y,Y,Y- the Pascal line 
of abc fed and Z,Z,Z,. of afcdtb. Thus g is the Steiner point of the 
Pascal lines XjX,, Y,Yi, Z,Z,. 

/af, cd, be \ 

The point ? is | be, fe, ad \ in the usual notation. 

\de, ab, cf 

Jb. The four triangles XY,Z,. XY,Z„ X.Y,Z., X,Y.Z, are oopolar 
With a common pole at g. 

The three axes of liomology of any three triangles which are 

copo ar w,th a common pole are known to be concurrent (a very simplo 

proof by projecting the line joining the counuon pole to tho intersection 

of two of the axes of homology to infinity). The axes of homology arc 
-soon to be 

(12) tlie Pascal line LMN, (13)the Pascal °f\ 

\cf, be, ad) 

(U) MN, (23) the P«oaUi„o (“i; j/. »«) , ( 24 , LAIN 

and the axis of mology ( 34 ). 

Hence the 3 Pascal lines 

\cd,fe,ah)' \he,ad,cf)' {be, ad. cf) 
are concurrent and the axis of homology of the triangles XY,Z XY Z 
alee p»,se» throesh thi, p„i„t „f con.arreoco of the 3 PaTcal lLe^ 

Thus ihc axis of homology of the triancloa X V 7. v 
LMN in a second 3 point, and we shall ehow tLt ihe^ot^o o Vo ‘ 
oo„,„g,to with rcepeet to the conic. (Stand, •» Theorem) 

§ 6 . TAfi a»i> of honiologg of the trianaleg X V 7 v v 
Pceoi uw ^ntmeatv eo,,npn,.. 




Project LMN to infinity ao that we obtain fie 3 ^bnr h j . 

od, a/ are respectively parallel. Then X Y 7 7 , i c/ ; 

X)X. Y.Y,. Z,Z,. AUo XfZ^ X,Z X Z a'V. ' “ 

and hence they meet X.Z, in three points’ U V W wh V 
1 -int .. UW. and this nstabUshos the abov; thoomm IZ 
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f be ntiddle point of ef, we see 'that in fig. 1 the point where fod meets 
LMN is fourth harmonic with respect to Z, of a and d. 



Kig. 3, 

§7. Taking the conic of fig. 3 ae a cirolo, since iai=sh«'=o/ and 
iGj, Y|, X< arc their middle’ points, we sec that XiVj/i lie on a circle 
insoribetl in the triangle XiV:,Zg and concentric with the circle abedef. 

Hence in tig. 1. the conics tihcd'^/ and X|Y«Zj touching the sides of 
lYjZi have doable contact, the Pascal line LMN being the chord of 
uootaot i and more generallj if we take any other hexagon 
whose verties lie on the lines of action of the forces P,Q, H and whose 
corresponding sides a'b'. '(>■ pass through N, etc., the conics a'b'c'd'r'f all 
have doable contact at t'uc sanie points with the Pascal line LilN. 

In fig. 3, </ i.s the .symmodian point of the triangle X|Y|Z, and its 
polar with respect to the idrole XjYiZ, is the axis of homology of X|Y,Z, 
andX Y.Z. . hence the polar of y with rospect to odede/ is parallel to 
,be axis of homology of X.Y^,. X,Y,Z, and thos passes throngb the 
point of intersection of LMN (the lino at inSaity) and the axis of 
homology of X,y.Z*, X.Y.Z.; this was shown in § 5 to bo the inter- 
section of the three Pascal linos, ets. the reciprocal g point. Wo thus 
have a proof of Staudt’s. Theorem that the two rooiprooal g points are 

coniutmte with respect to the fundamental oonio. 

* A. C. L. 
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Astronomical Notes. 

A new minor planet. 

Amoo^ the recent discoveries of minor planets is one of some 
importance. This planet (as yet unnaroed) has a |•eribelioD distance 
of M82 astronomical units, very little greater than (hat of Ero:'. so 
that on certain favourable occasions it may approach to within about 
seventeen million miUs of the Earth, and will therefore be useful for 
determining the solar parallax. The eccentricity of the planet’s orbit 
is very great so that its aphelion distance is 3 879. Its period is almost 
exactly fonr years. The planet is of the tenth magnitude and its iliu- 
raeter about four miles. The planet wa- discovered by Wolf whi> 
recently announced the discovery of a minor planet attended by a 
satellite which moved through eight degrees in a little over half an 
hour — a discovery of so startling a nature that one awaits its confir- 
mation with some enriosity. 

In connection with minor planets another point of interest occur- 
to mo. It has been known for many years that at distances fiom the 
•Snn at which the motion would be coniiuensuraio with that of Jupiter, 
there are no minor planets, any planets which may have originally 
existed m the.se positions having boon diverted therefrom by the 
perturbing action of Jupiter. A recent investigation of the orbits of 
the many hnn-lreds of planets now known fully confirms these facts 
gaps being fonnd at the ratios 2/1, 7/3, 6/2. «/3, 3;l. it is however 
found that for values of the daily motion less than 500' thi.s avoidance 

Hoc. not hold and plooa, o.-e fonnd ,v,th polio, 

l/l, 4/3, 3/2. 


I he idonot, »■„ . po„o 1,1 opo ,,poo,„, o„,e. fopmint wi,h .InpUcp 
..nd the son on oqn.latopol triangle and illn.ipa.ing Logponge’s nepti- 
enlor eolntion of the ppoblem of three bodie, ; there ore fonr sueh 

n»n.Pd ..flop fhe hepoe, of fhc Trojan war ■ Heotor, Potrocln,, A-e 


K. J. PoCOi'K. 
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SOLUTIONS. 

Question 64 . 

(A. C. L. Wilkinson, M.A.):— Prove that no eolation in positive 
iategere) exists of the equatinQS : 

— S* = j/'— =r’— 

Solution by H. Br. 

1. Lemtim. The eqaations 

a*=/?>+S*=y*+9S* ... (1) 

have uo eolation in integers, if 5=^0. 

Proof : (i) A oommon factor / of any two of the quantities is a factor 
of the other two also. [This is easily seen eicept possibly in the oase 
where /=2 and is a factor of /$, y. In this oase 

^are both odd or both eveo ; hence the difference of their 
2 2 

^iqoares ia a multiple of 4 ; t 5 even]. 

We may therefore without loss of generality take a, y, 5 prime 
to each other. As the som of two odd squares is not a square 5 ib even* 

(ii) By the ordinary rules, we mast have 

»n»+n* = a = M»+N‘ ... ... (2) 

2mn=S i 2 M N=3^ 

or 3 w = MN ... ... ... ... (3) 

where ni n arc oo-primcs and n is even ; and M» N are oo*primes and N 
is even. 

From (3) we get 

either m=ab, M=3ac 

n = o d N = hd 

or m = a b M=a e 

n^c d N = 3 h d 

a, 6, e, d being prime to each other, and d being oven. We take the two 
cases separately. 

(iii) From (2) and (4). 

o*6’+c*d*=:9a*cHft* d' 

or h* (d*-a*) =«» (d*-9o») 

d*— o* (/*— 9a* • I 

giving "75“” V 

.'. 8 o* is divisible by c’— 6* which must therefore be the oommon 

factor of o* and d*. 

As a, fc, 0 , d are prime to each other ond i and o arc odd, o oao 
only be -fl or— 1- 


) 

} 


... 


( 4 ) 

(5) 
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If v=l, d*=a*+c*, which is impo^^siblo ni J is even and, a c are odd. 

If tf=— 1, = wLich jn nUo impossible 6, d are not both 

mnltiples of 3. 

Hence ibc relations i4) du not hiibl. 

(iv) From (2) and fo) wo get 

= c^ + i)L' il^ 
a’-9rf' 


or 


= ± 1 . 


6» c’ 

The lower sign gives 9 d^^a’+c- which is impossible as a, c are not 
both moltiples of 3. 

The opper sign gives 

n* = fc’ + ./*=c»+9,P ... ... (6j 


an 


equation of the snme form ns ( 1). Also uz=^< m* + n*<a 

6 


(v) Proceofling in this manner we get u series of equations with 
diminishing valnes of a, and nltirnatel.v arrive at the eqantion'* 

which have no solution (if «/„ 0). 

2, To prove that the system of equatiou.s 

•®’-.v' = y’-s*s=----n' 

has no integral solution except the trivial one 

■r* — t/* = c*=H’. 

(i) Clearly y. c, h may be taken to be prime to each other 
withoQt loss of generality x’=2 

We may solve this by putting 

w© may at once put down 

± 2 D 

2 y + = = A*+2 B‘ 
y+3=2AB 

-hero A i, odd, and A nnd B are prime to ranh other 
Mrailarly ±u = C*-2D’ 

y+2 £.-=C*+2 D’ ) 
y + 5=2 CD J ■” 

C being odd, and C and D prime to each other. 

Rliminating y and 2 

A*+C*+2B*+2D*=6ABs6CD 


• • » 




(7) 




( 8 ) 




( 9 ) 



m 


or 


1 


As AB=CD, \VQ put 

A=pr,B=qs } 

C'^.p8,D = qr ) • ••• ••• -(10) 

I lien p, q, r, s are prime to earb other and />, /, s are odd 
(ii) Siibstitnting ill (9) 

//V +p'-s^ + 2q^s*+ 2q'. => = Gpqr^ 

U'^ + * ■') = ^pqrs 
Now has no factor comtouo with r, s and has no 

factors common with p, q. Also x* is even, but- is not a moltiple of 3 

i>*+2g' = 3rs 

2p5 = r*+s2 

'’Mp + q)i2q-i-p)=S{r + sy I 

2(/>~9)C2^-i>)=3(r-<i)* j ••• ••• 

It follows that r-r«f may be put in the form 2a/], whore a, /] are 
prime to eacli other, and r— may be put in the form 2y5 where y, 5 are 
piime to each other. As p“ — ^ = — 3/^+3T»'=a mnltiple of 3, and as 
P and q are not both multipica of 3, one of these quantities 
p—q is a multiple of 3 bat not the other. 'I'wo cases arise 
tl) i»+<7=6a*, N 

= I 

2^-p=3y* ( ••• (1^^ 

p-q = 2Bl ) 

Elimioaling p aoit 7 , we get 

9a* =^* + 5^ 

or /], 5 are multiples of 3, implying /, k multiples of 3, which is not the 
case as r, g are co-prime’s. (12)^i3 inadmissible. 

(2) In the second case 

p-f ^ = 2a*‘| 

2g+P=»3^> 

2r/-p = y* 

p-? = 6o*._ 

Kliminating pq, we get 

a*=,ff’+5 


(•13) 


=y*+95M 


This has no intei^ral solutions unless 5=0 

If 5=0, r = . 

A = C. B = D 

and finally 

x^ = y^ = z* = u\ 
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<;uei>tion ^78. 

(J. C- Svvauimara?aN) ; — Harin|r'gi7en tbiki 
{ r(6 + c).r2— 2I(/'y:) ^ = 4f j + v"+r-}[L'(/,g— f )i: 4-2i.((;/. — u/)y;; |. 

l.r. . ve = '^ir^b x - 2 hx y 

c X'^y‘ 

h' marfih' by H. B- . 

The given expression may bo >vrirton 

[('» + 6 + c)(a;’+j/’ + :’)_(ax*+fc:/+c-*-|-2/j/c + 2^rj + 2A.t«/)]- 
=4(a;'’+t/^+sO(Az- + B;/--!-Cr- + 2Fv: + 2(J.'j + 2H*y). 

Take (x. y, z) to be co-orJinates of a point, the axes being sappused 
to be rectangular. As a-f-h+c is an invariant of the qoadric 02^+ ... 
it IS clear that the abore expression retains its form if the axes are 
rotated in any way. Consequently, the conclusions (whatever they be) 
to be drawn from the data will also retain their form unaltered if 

the axes are rotated in any way. But the conclusion that is asserUtl 
in the qoestioD does not satisfy the test. 

To verify : Suppose the qufwlric referred to its principal axes so 
that /=j=sA s:0. ’ 

RxpandiDg and siraplyfying we get 
Wh-.h ■ r 

Which iQiphe^ 

w '/'''-=)-f±V(--.).y±V(o t).--=u. ... ... (n 

We are required to prove that ' 

f> ='4-cy ^_ car + a; -_<iy^q-fcj;; 

x^+z-~ x^+y- 

t.«. s^[(*>-c)*^ + (c-a)y^_(a_b);a]_0 

y’[(b-cK-(c-o)y> + (a_fc)fi]=o ( ___ 

»'[—(t — c)x*+((;—a)y'+o— !));■>] =0 ) 

Th. set of relation, (2) is not a ne cessary conseqoenoe of (1,. 

Question 7x3. 

i- — . i. . 

“ra-ra-r-rj-tijsr-.fl, 

(")[i + Vf«+4)] = [i+v(»+ ')! ' 

Solution by H. B.\ 

(i) Put *(«)=: 

4 
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fsj n= 6 fc 4 - 7 n, where OTt-< fi. 

[i]=['‘‘‘+fj=2‘+rfj.4c. 

+(«) = 4(m). whtre m =0. 1. 2, 3. 4, or 6. 

It js easilj ven6ed that *(ra) = OaD(l therefore also ^(n)=0. 

(u) Putn = **+a, where a<2k + l. Then[V»j=fr. 

Let n + i=i-^+a+i=(i+^)^, 

n-f i=y- + a+i=.{k+T{y. 

We are required to prove [§+ V»^+i] =C-J+ 1 

or,ineffect, f J + hl =fi-t. 

Ifa<A:,0<T,<h<A and [H h] 

If a>i, i<7j<h<l, and [i + h] = [i+T}]=l. 

(iii) As before let nssi’+a, where u <2A+ 1 
Pat ■ 

/*=A*+a=(A+i;)'-, 

a + ^=A*+a+| = (A-+,,y, ( (1) 

n+l^k-+a + l=.(lc+Ky. ) 

We are required to prove 

CV«+ V» + 1] = [ V4«T2J 

or in effect [£+?] =[2t>]. 

If a<i,we have 0<t<i)<i;<i, and [1; + i.] ^[27)] =0 
If a>k, we have and |.i; + s] = [2Tj]=l. 

Ifa = A, t<A, andij, ^ are>:J, but<l. Thus [27}]=1. We have 
tosbowtbat [h+q=l. JfE = i-«. andi;»i+.-, wo have to show 
that j>z* 

Substituting for t and in (1), wo I'el 

J = r(2A+I)+.-*. 

(r - a)(2A-+ 1 ) = i (,>4- r^). 

As X end e f.re b .th leas than d, x‘ + z^ i 3 < S{(^)*< J. 

•• (*~*)(2A‘+ 1) is positive, or r — dispositive. 

Hence in every case + ^[2^]. 


Question 836 . 

(Mabty^ M. luoMAbi M.4 ) : — At a given instant, the e»aiuo etar U 
observed to be at the horizon of one place (lat. 4 u long. Lj) ; on the 
prime vertical of sinofiier place (lat. 4,, long. Lj) and at the zenith of 
a third place whose latitude ta unkoowo^ and long. Lg. Prove that 
cos (L?— Lj) tan 4i+t*0B (L,— L^) cot 4j— 0, 
and find the latitude of the third place. * *' 
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Solution by R.J. Pocock, 8 ^uihukriihtian, K. R. B<imc lyer^ A. K. 
Ananlanarayanan, B. D. Karve and 0. Kri$hnaTiiaehary. 

Let tbe hoar angles of the star be in the 6rst two cases ; then 

^=L,— Lij Ai=L» — L*; 
and if 5 is the star’s declination S = c^. 

A. 1 ho tan S- 4i=-.co3 

tan S. oot <^=: cos K,. 

Eliminating $, k,, we bare 

COB (L,— L,) cot 4>j4-co8 (L,— L,) tan fi,= 0 , 
or cos (L,^L,) tan '^>l^-co8 (L,— L,) cot «^,= 0 ; 

»nd tan 4,=tan S=cos (L,— L<) tan 

=—008 (L,— L,) oot <pf. 


Question 843. 

(LIKSHMIBKIMKII N. Bbatt) From any point C tangents CD and 

CB are drawn to a circle, and from any 6ied point O on the circle 
ohordfl OD, OE are drawn. If from any other variable point 0 ' on the 
circle, chords O’D, O'E aro drawn catting the former chords in P, Q and 
the tangents in R, S ; then prove that (i) the line PQ always passes 
throngb C and (ii) the line RS always touches a conic. 


Solution ( 1 ) by Eovxraj ; ( 2 ) by V. M. Gaitonde, S. B. BanyanatHan, 

and O. Bhatkaraiya^ B.A. {Hon.) ' 

( 1 ) Reciprocating with respect to O. we have 

TP. TQ are tangents to a parabola at P, Q ; and a variable 
tangent cuts them m B. S. Show that the lines throogh R and S 
parallel to TQ and TP respectively meet on PQ, and (ii) the 4 

PQSR diagonals PS. RQ of the qaadrilateral 

Take TP, TQ a# axes. The parabola le 


Md . »»riabl. t«g„t i. ?+? = ! with the oondition L+H -l 

«) PQ=i+|_l=0 


and (he point of 

••■tesiiy CA#) 



A 

-+r— 1=0' which is (1) 

0 

[For a goometrioal proof, see Lachlan’s Modem Pure Geometry Art 272]. 

(ii) PS=t+l-l^0 (2) 

QR=f +1-1=0. (3) 

Eliminating/, y between (1), (2), (3) we have the locus required, vis. 

j?/a*+j:y/at+yV6*— a— 2y/6+ 1 =0. 

It has double contact with tbe parabola at P and Q. Hence the theorem. 

(2) (i) Let 00’ and DE meet in K. Then bj the quadraagU 
construction for a polar, PQ is the polar of K. Also since K lies ob 
DE the polar of C, the polar of K always passes through C. 

Thus PQ always passes through C. 

(ii) It can easily he shown that K and S generate homograpbio 
ranges on UE, CD respectively aud that the ranges are not in 
perspective. Therefore RS touches a conic touching the fixed lines 
CD, CB. 

Additional SoUttions by S. V, Venkataoluila Iyer and B. R. Kapadia. 


Question 846. 

(»S. MiLHiKi Ra'.i, B.A ) : — Solve in positive intOKers lt)*+95*= lOl* 
Solution (1) by B. Hr. (2) by S. V. Venkalachala Aiyar and V. B. Mitra. 

(1) l0*+96*=0 (mod, 101) 

Multiply both siHe.t by (—17)*, and simplify. We get 

32*+ 1=0 

or 2'*+is0 ... ... ...Cl) 

As 2 is not a quadratic residue of 101, 2*°+l-=0. 

Henceif x^, is the lowest po.sitivc value of r. satisfying (1), 60 must be 
an odd multiple of 6 

...0 = 2 or 10. 

.Co=2, gives 2'*=2‘®=lu94 ± — 1 ; * 0=10 is obviously admissible. 

riic general value of x is any odd iniiltiple of ^ ; 
or jj=20 fc+ lO . 

the value of y can be deduced when 0 is known 

(2) Forming the residues to tbe modulus 101 of the soocesiive 
pov^ers of 10*, we have 

10,-1. -^10, 1,'. 

(the same set recurring after this), 


•« 
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Similarly the residoes of 95' are 

-6, 36.-14.-17,+ ! 

(tho same set recarriog). 

In order that 10*-t-95'* may bo dirisible by 101, the sum of then 
residaes mast be zero. I'his is obviously the case when x has any of 

the valnes 10, 30, 50, ; for, when x has a value of the form 2 + 4 n, 

the residue in the first case is— 1, undiwhen x has a value of the form 
5 vt, the residae in the second uaso is +1 ; 

Thu* the valaes of x having been found, the corresponding valasR 
of y can je easily ualoulated. 


Oueslion 86i. 

(Oommanioated by Ur. J H. G«ACt, F. it. S.) : — A heterogenaou?^ 
medium is snob that the path of every ray through it is a plane curve. 
Find the index of refraction at any point. 

8'o’uftou by BaUik Bam. 

If ft be the index of refraction at any j.oint. the differentiai 
cqu>itioDd of a raj are 

and two similar equations Denoting ^ by G', we have 


dx 


and 


tff 


^-2 aV'-2t-x 


fi.x 

Oj* * 


If the path is a plane curve, the torsion is'zero. 
determinant factor of the value of the toi-sion. wo get 

I x' y' z' I 

'-t 

1^-^ dy dcl=u. 

9/i' dK 

‘ dy 9c 

We must have relations of the form 


Simplifying the 


Kt', 


’ST” 

dy 

a/A' 




0 /. 
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The first eqostion is eqaivalent to 

Ihis flhowa that the right hand »ide is a perfect differeatiaL 

Therefore t>e^ i% indepeodeiit of y and s. Similarly by oob* 
Hidering ( he other eqoationsi we hod that it is independent of and is 
eonsequently a constant. Integratiog, we get 

or [(»-»^dx+(j/~y^)dy+(z~i^)ds]. 

Changing to polar oo^ordinates, the new origin being taken to ba 
(^H). yot 2c). 

dn.^^dr+ ^de + ^^dd> = vrdr. 

d0 a» ’ 

= f (*■) = *^CC« — ®c) * + ( y — yo)*+ ( 2 — 2o)*] . 

where (ji^, y^, is an arbitrary point and F is any fanotion. 


Question 874. 

(S, Malhari Rao) Solve in primes 

»+y=206, *+* = 132, 3+«>=82. 

Solution by B. Br. B. B. Mitra, 0. Kriihnamaohary, K. B. Madkaoa, 

B. D. Karvt, B. J. Pocook, G. Joshi and .S'. V. Venkataehala Aiyor. 

As z, y, t, w are primes, and the valne 2 is clearly inadmissible for 
any of them, eaob of them is of the form 6^+1. From the given 
relations if follows that » and y are of the form 6 A:+ 1, land s and 10 of 
the form 6 i:— 1. The valnesiof u> that makeim and 82^u) prime are 

m=ll, 23, 29, 41, 53, 59, 7l, 

2=82~w= 71, 59, 53, 41, 29, 23. 11 ; 
of these «o=29, 53, 59 give prime valoes of a and y, as follow* 

z y i %o 

79, 127, 63, 29 ) 

103, 103, 29. 58 [ 

W, 97. 23, 59 ) 
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Question 875. 

(M. T. NARAUiiChOiB) . — P is nnj point on tbe circle of similitude of 
two circles A, B ; and Q, R aiv the inTerses of P with respect to A, B 
Show that QR is bisected by the r&dicai asis of A snd B. 

Solution (.1) by Uehiraj, S ^futl|llkr, ihutin, and E. U. linh.ij hji', 

(2) by Htmraj, M. K. KewalTiummi^ and S. T. Venkatachala Iyer. 

(1) Denote the centres of A an<l 13 by A and B, and the circh- ..f 
Mimilitude by C 

Since P is on U, where e, e, are the radii of A, B; 

Bl P] 

and since Q,R are the inverses of P u r.t. A, B, 

AP_ e ,RP 
« AQ’ e, BR 

AQ BK ’bp UR 

QR II AB i.e. the radical axis of A, B is iQR. .. ( 1 ) 
Eridently the circle PQR is orthoKonal to A, B and C which is coaial 
with A, B> 

Thus tbe centre of the circle PQR is on the radical axis and on the 
right bisector of QR as well. Hence by (1) the radical axis bisects at 
right angles QR nnless it is parallel to QR, t.e., unless the centre of the 
circle PQR is at inhnity. f e.. unless P coincides with either centre of 
similitude ; even in this case QR i, bisected by the radical axis. 

(2) Taking the line of centres and the radical axis of A, B as axes 
we have the equation of A, B in tho form 

Hence the equation of C is 

Now P (*„y,) is any point on (1), 


♦ I • 


( 1 ) 


... 


• « • 


( 2 ) 

and Q IS the point of intersection .1 u.e polar of P «, m * and tl,. r 
Hence Q it / k+ki 


( » *+*» \ 

Similarly R is _ ^~*i _ . 

lienee the eaalt follows ot oooe 



3 M 


(^u«>iion S78 
(S NakaTana Aim, M A.):— Show fbat 


X 


= ..L<»_ti> h\-m-r n-r 4.1 h>\ 

)-:=0 

»vhen F deuotes the hypevgeoaiefri*; function. 

Hence «how that 


a 


J ^ rrVlKiSr 


Hi) 


+ ^) r(^-r) 

P(i,— r, r, fc*). 

Solution by A. B. ^£n<^kov•l, S. H. Banganathan, C, KrieknamachaTt/ 

and Sud^inand. 

Deitber fn nor a positive integer^ 

00 

(1 — jfe*a:T'= + 

Zj r(m— r+l) r(r+l) 

r = 0 
CO 




»od 


(1 


L' rr^ 


r(n + l) 


7 . (-**)’• 


,=0 


r(/i~ri-l) r(r+l) 


Hence the coefficient of (—»*)' in the product {1— »*)"• is 


t = r 


V X(r»+i) Rm + i) _ r(»-r+i) r(r+i) 

^r(n— r+l) r(r+i)‘ ffm— #+ 1 )r(r — <+ 1 j r(s + l)r(» — r+A 


+1) 


r(n+I) 


^ = r 

A r(m+l) r(r+l) 


L' 


r(n — r+ l)r(r+l) #+l ffr— e+1)' 

JC sO 

r(n-r+l) 




r(n + l) 


^(n-r^.e+l) • r(«+I) 

“r(„_r+i,r(.+r) 

where the hjpergeometric sf-ries oontains only a finite, viz. r+l termi. 

Since neither vi nor ti n a positi7e integer, the prodaot oan be 
eammed for t fron 0 to x . 


Hence ( l-fc***)'" ( 1 -^)"= (“-^T 

r = 0 


.o»r= (zjD Jl" 

Z/ r(r+i) Ten-: 


r(n+l) 


r+l) 


m 


P(— TO, — r, n— r+l,fc*). 

'I'be aeoond result follows by a dmple integration, and patting 
— i and n = —{. 
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Question 889* 

(Heuuaj) ;—Tvro parabolas have each doable contact with a given 
ellipse of semi-axes a, b, and their axes parallel to its axes respectively 
PP', QQ', are the chords of contact, and />,, the radii of oarvainre of 
the parabolas ; and p, p', those of the ellipse at P, Q. If the distances 
of the chords of contact from the centre of the ellipse arc in the 
ratio of its ares, prove that p p^^p'pi. In particnlar if the distances 
are equal, then 

a' p.pt^b* p' /O,. 

Bat if Q coincides with P, then 


_1_ 

P 


±+l. 

Pi P^ 


Solution (1) fcy K. Appukuttan llrady and K. B. Madhava ; 

(2) by 0. Krxshnamachary, H. V. Venkatachala Aiyer and Sadanund. 

(1) Let the equations to the chords P P' and Q Q' be .v— /=0 and 
y— j=0 respectively. 

Then the equations to the two parabolas are 

(0 


For the ollipso at P, 


y' — 1 _®'’ 

6’ a*’ 


1 . 

h'dx 


X 




__ 1 _ 1 /dy\* 

a* 6*Vd5/' 

For the parabola (i) at P, 


b* 


a’ a* ’ 


JL ^y- f 


• • ■ 



Smeo the parabola (i) touohes the ellipse at P, their curvatures are 
in the ratio of their ^ at P, 

Hence in the notation of the Question 



5 
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And it follows from symmetry that at R, 



£1-9* 

Hence 

Pi b*‘ 

u b 

P^P' 

OP 

Pi Pi’ 
PPi=p'pi; 

and if 

a^p _ h'fi' 

Pi Pi’ 

or 

a'pp. =b'p'p 


Also if P coincides with Q, 

and consequently P ^ P —i 

Pi Pi 

ie 1 - 1 1 

P Pi Pi 

(2) Let the eqnation of the ellipse be 



and P, Q, be the points whose exoentric angles are a, /}. 

If P be o'l the eqn. to the parabola with its axis parallel to the 
z-'-axis is 


Since the axis of this parabola is parallel to the «-*axts, 

A=l,and a4-o'=0; 


and the equation to the parabola is 

XV^co8a_(l+cos*a)=0. (1) 

h* a 

Similarly tbo cqnatioD to the parabola with Q Q' as chord of 
contact and axis parallel to the y— axis is 


Now 


^+&in a-(l+8in»tt)=0. ... 

a* b 

(o*8in*a -i-5’ooa*cil^ (o*8in*/ff+6*cos*;ff)^ 

54 '• 54 7 ' 




( 2 ) 
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A-lao we can easily 6nd /Oi, tbe radii of curvatarc of tho pai*a> 
buh^ (1) and (2) at P, Q, and these arc given by 

^ _ (aHin*a + 6*cos*a)- ^ _'^a*sin*>5 + h*cos’i5)- 
* oh cos^a ’ * o6 sin*^ 

The perpendicalars from the origin on the chords of contaot PP' 
QQ' are a coso, b sin /?. 


If these are in the ratio of tbe axes 

co3a=sin>!?; ppj^p'pi. 
If these are equal, a oos a =6 sin /?, 


But if P, Q coincide, a =/S, and the relation 


easily follows. 


P P^ Px 


vucbiion 095 


(Hbmbaj) A parabola has doable contact with a gi^en ellipse of 

ZZt‘ono7tl,‘f “> of the latter. Find the 

Zd let Va r oo^ofto of the parabola oorres- 

ponding to tho point of contact ; and show that 


o’h* p* p/=((p^^p^y 

where Pi, p^ aro the radii of 
taot. 


«* + />! 6* >',or { (p,-p,) y a 

curvatare of the curves at a point of con 


Selutie. 6s K. B. ilMa.a and U. Krishna, 

We notice that ^ 

y*=4A(^:+C) 

.» a parabola with its axis parallel to the major axil' of 

1=^+^ 

o* 6* 

and having double contact with it, if 

4ACfc* = 6«+4A*a*. 

Tho points of contaot of (I) and (2) arc 

_2Aa».I 

fti 4 A*a* 


where 

and 


" ' (6.-dA> a. , 


(1) 

( 2 ) 

( 3 ) 



( 5 ) 
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TY^ce the required relation is got by eliminating A between (4) and 
(6) i.e. between (4), and ^ 6* = 4 A* a’ p.. . 

, o‘ 


fii 


y* A 


ipa-p, «*)*, 


* ‘ ^ "* **/>»’ P* = { a’ ipt-pt)+V A ) "• 

Similarly the other result (when the axie of the parabola is parallel 
to the minoi^ axis of the ellipse) can be got by interchanging a and 6. 

To obtain the locus of the centre of ourvatore, we eliminate x, y, 
A and C from (1), (3) and 

E=2 A*b2 C-{~3 0 and w=— ^ 

' 4 A*. 


Question 904 . 

(R. J. PooocK, B.A., B. So.) :-Show that 


Solution (1) by F. H. V. Oulasekharam and by the I’roposer', (2) by 
A. 0. h. Wilkinson and K. li. Bama Iyer. 




(1) Consider 


=/ 


1=1 


i V 4 J 

by substituting x’^y 


whence 2^" I*=2*’‘f“|' y 

•’o 


4 4 


dady 


‘71 


= r-” sin*" 20 ^ 


= ‘/7’'=*"bu. ■"4. -=■<*-* 


o •'o 


•n 

-Jo ^1— i8tn*<J^^ 


dt di 


TT 


in4l 


* ^ 2/Jo ^i^Uin*4')~^ 




This eolation ie saggesied by a similar analysis, dae to Forsyth 
given in O. H. Darwin’a paper On the Mechanical Conditions of a 
Swarm of Metorites ” (Phil. Trans. Series A., Vol. 180 (1880) pp. 1 — 69 ; 
also Collected Papers, Vol. IV,tpp. 362 —431). 


Patting rt=:0, we get T =2-jr^ F 


where Fis the complete elliptic integral of the first kind, modolos -tv. 

V2 

F.on.r(|)r(i) -\/2, and Legendres formula connecting the 

complete elliptic integrals of the first and second kind, which for 

modnlos -j: becomes 2 F£— P = ^ w, we obtain 
V2 

r(|)=«i(2E-F)ii 

Md we ibns obtain the expreesioas for 

r 00 I 00 4 

I da 

^ o 

giren in the paper qooted above ; and more generally 

can be reduced to one or other of these two expressions. 

(2) Write sin »= . cos « 


l-iain*+ 


, 1 . . ; so that 

i— ^am"< 


gain’* 






—2 Jo sine dx^ 




r*/'2n+lv 
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Question 905. 

(^P. Buaskara Sastbi):— I nvestigate tbe effect of precession and 
natation on tbe position angle of a doable star. 

[See : Ball’s Spherical Astro -, p. 185, Ex. W.] 

Solution ly G. Krisknainachary and the Proposer. 
f>et It be the pole of the ecliptic. 

Po, the celestial pole at epoch To- 
P, the same at a subseqnent epoch T. 

S, the principal sUr and S' his companion 

Fig. 1. 



also let the position angle at thejbrat epoch be po, and p that ut the aeooiy 
epoch. 

^ P 'ff Po=tho arc between the noles of the oiroles vr P^, and -n P 

From the triangle P^ S P, 

008 5 flin (p-i>o)=^-sin P P,, sin Z P P„ S. 

Bat Z P Po S=Z P P^ 7f-Z S 7r=Z P P„ w-(90°+a„) 

= _(90‘'_z PP„ TT)-a^ 

S sin (p^Po) =8in P P^ sin P P,, w sin 

+ SiD P Pg cos P Pp 71 cos 

From the triangle P P^ tt, 

sin PPo ain PPo‘n=8in (w-f-dui) sin A; and sin P P^ oob PPo'ffsOOS 
(tii+dw) sin tel— sin (tei+dtei) cos ui cos k. 

Making these sobatitations, we get 

(P—Po) 008 5 = [4 sin tel ain a— dtei cos a], 
neglecting small quantities of order higher than Ih- first. 

i,e. P—po ‘ sin 0 — /te» cos a] sec 
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QUESTIONS FOR SOLUTION- 

903- Correction i fnsert at iho eii<l of tho qaestioa the follow- 
ing: — “ where the sammatlon is exten>led ooly to odd values of n 

960. (V. RiMASWAMi Ahar, M.A.):— Giveo a triangle ABC. if 
a point P and the feet of tlie pcrpendicnlars from it on t>.e rides and 
altitades of ABC all lie on a Cartesian Oval, show the negative pedal 
of the ov.al with respect to P touches the nine points circle. Show 
that the pedals of the inscribed and escribad circles of a triangle, taken 
with respect to tho orthocentre, are cases of snch oval^, illustrating the 
property. 

961. (H. Br.):— S liow that 

have no eolations in non-zero integers. 

962- (A. C. Ij. Wic.Kis.'ON) ; — If two circles are such that hexagons 
con be inscribed in tho one which are circumscribed to the other, prove 

that the snm of the products of the diago.iah taken two at a time is 
oonstant and equal (o 


4 R* >•“ {{R*~cy + .^n* r* } 

(H*-cY 


where R, r, are the radii of the 
their centres. 


two circles and c the distance between 


963. (A. C. L. WiuiKsoN):-lf two circles 
quodnlaterals can be inscribed in tho one which are 

the other, the ratio of the areas of these quadrilaterals 


nre such that 
circumscribed to 
is constant. 


964. (H.BR):-lf/(;^y) is 

* and y, such that / (— *, y)=(_)i+i 
(i) Show that 


a rational algebraic function of 

/ (3-. y). 


CO 


f / (sin 20, cos 20) 


~ ^ L ^ cot 0. 

o 0 
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= J 2 / (ain 29, cos 20). ^ oot 0. d0 
0 

iind 

OD ^ 

(ii) / / («D 0, ooa 0) ^ = t-U’' / (sin e, co» 0) ^ Se 

0 ^ 

where \=cot0 or coeec Ot acoordiog as 

/ f-a:.— y) =f (*. y) 01* -/ (“. y)* 

[The iotegrabi are asaomed to be Bnite.] 

965. (Heubaj) ABC i® a triangle. A poiot J ie taken on Alt 
proauccd. such thfttl.J sabkcDcU ftt B orC an angle a where cottts=3 
cot i C or 3 cot ^ B. Show that there exists a circle throagh A and J 
which cuts AB ond AC in D and B such that BD=CEssBC. 

[Snggested bj (j. 959.] 


965. (A. C. L. Wit.KiNsoN) Prore that 

1 —2(2 + k^W+ 5A.V . 1-2(1 + k^ )s,*+3kW_ 1— 2(l+2^*)J3*’f 5^*/ 
2«,c,(i, 2r^4* 

= — 3A-’S|M, 

whore «,=8n(|-)».=8o*^, ^i=Bn— etc. 

966 (A. C. L. WiLKi.NsoN) Prove that 

■E-3E(|)=-^on|. 

967. (M. K. Kswat.Bamahi, M.A ) Prove that 

l-*+2"'— 4'* — 1> *+7"*+8"‘— 10"“— n"*+ 


SS-n* 

'8748V3* 


OAa (V Amast*kiiiaw) ; — Sum the series 

^ 1111.1 


3 7^11 Ih 19 
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Properties of Equations in the Algebra of the 

Nodal Cubic 

BV K. VtI UTNATnASWAMY. 

[The present pnper pnrpot^es to give a formal development of some 
general fuooiiou — prupertios iu tlie Algebra of tlio Noilal Cubic, on the 
basis of the results already Cdtabli^^hod from gcoiirtdrical cou^idoralions 
in my previous puper uu Ihc subject. 

The folloNviog is » gcuersl summary of the paper. 

A. Discussion of Functional Korins. 

(1) Tbo general functional form traiisf>>rmuble into a successive 
prodnei i.<.. a product iu tvhiub the multiplier at enu)i stage is a single 
clement instead of being itself a jirodiict. The fiic.;essivc product taken 
as the universal standard form. 

(2) Classification of forms into pure and iniicd forms with respect 
to a variable x. Redociion of the general mixed form to three canonical 
types. Consequent reducti- n of the gi.-neral eqnalion 

to two fiindameutul types, 

... ... ... ( 1 } 
F, ... ... ... ... (2) 

ulicrc I'.x, arc pure lunetiojis. 

(o) Clus.sificaliuu of forms into •aotypei', 'lie siiiiplex and tlio 
coniplc.'. A form /(.') i" eomplc.^ if /(« ) is iiidelerminate ami simplex 
if = or rt* (»,«' being iNv nodal elements) A complex form trana- 
forniabb* ic.to a simplex oiic by the rules of tlio Algebra. 

'I'he eomlitions for the simplexity of tlie form 

are (i) the secondary indices i',- are alternately even and odd 
or odtl and even and (ii) /i i'* »ie both O'ld or both oven. 
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B. Fnnotion— Properties. 

(1) The apparent <legrce of a function when in a complex form 
higher than its true degree; j- r’, a comph-x form of the fanction .r? 

The degree of a simple x form, in other word^ tlie true clegree o( 
any fanction is never a mnUiple of threo. 

(2) Class ificatiou (if fnnefions inJo <><kI even fnnetions. j( i ) 
iso<l(l if/(H) = «’ and even, if ; (n)=». The odd-ne-s or even-ne^s of 
fix) directly dotermiaablo if the form /(j-) is ^iml.lex Whether the 

form / (i) is simplex or complex, /(or) is odd or even acconling as 
the characteristic is positive or nocative. 

(3) Classifi.-ation of eqaatiou^ in coiapl.-x and simples types accor- 
ding as they are or are not satisfied hy the nodal point.^. The degree of 
a simplex equation of the first type never a moltiple of 3. the degree of 
a simplex eqnafion of the second type always a multiple of 3. 

(4) The problem of solving the general equation reduced to the 

root extraciioD of a given correspondence (which i. merely ibe problem 
of loot extraction of a number and the geometrical problem of drawing 
a ray making with three rays a pencil ..f given cross-ratio. ^ 

The n roots of ao eqaatioD of tho n iK t . 


§ 1. Uticiprocal points 

will L’'.°aw't"o'L°re'c''i;rl°M ' ™'° >>7 relation „(,- = „.a 

nnd .Here aec .heeefoe': ...e'e o'M" ‘"r. “ 

are .n, (...) a„a --'P ‘bat these two pointo 

It may be noted that ui. tui^) J inflexion. 

the theorem = ' J ^ ("..c). This fallows from 

J- I. M. S. Aug.Mt 17. ' » '^odal Cubic' 

For 

Time the t 

Wo notice aleu^Tha^'t Zl 

themselves reciprocal. 

which rrov 69 ui /ut i.\ • “^^<(^16) 

r oves a,,(u..6) ,, i-.cprocal to 
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NnU (1). If n denote the homographio correspondence having the 
nodal points for its tixod points atid carrying W| to (so that fl t,*) = 
then n carries to anil (*>, to u»j is therefore periodic, 
of period three. The two [loints reciprocal to h are then seen to be 
n(b) and 

N-h- (i). The only self-reciprocal points are the nodal points. 

A’of- (3). If *„ J*,, X.. furui ii mutually reciprocal set, 


2 _., 


For 


ri*~X.Z , = rs 

A-*., = [w,(ti),a-i)] 


Note (4). The points u»„ K form a mutoally reciprocal set, so 
also do the points, which arc the points of contact of 
tangents from the infle-xional points. 

Note (5). a:=n(.c') fl’(*) idenl'cally. 

For fl(**)=‘*»i(<"A*) *‘od = ') 

= theorem,u?>.cd = <«c.W). 

= U>,(U),(*_r’) = .C 

Not. (fi). [n(.t)3*’'=n(.c’) 

From Note (5) 

=[n(*)]’(Not. (3)). 

By SQCcessive applications of this, the general result follows. 

§ 2. The general ciiuaiion ot the third degree may be redneed to one 

of the two forms . 

x^ = bx ... ••• •" ••• 

ux‘ = lx ... ••• ••• ••• 

b is evidently one root of equation (1). Further if a- is one nodal point 

fl, ** is the other nodal point »' and bx is also the other nodal point n , 

so that the two other r .ou of equation (1) are n. n' the two nodal 

points. Equation (1) is 'has degenerate and need not be considered 

further. 

Consider now equation (2). It can be written in the form 
.<’=>> (-t). ■■ ■■■ 

S denoting a homogrnpliic correspondence with the nodal points as 
points. 

The thr..e >ool8 of equation (2) form a mutually reci>r«vif fc(. 
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To prore thU we shew that if .»•, Is one root flfi-,) is another. We 

have 


[fi(x,)]»=n{x,*){r. Note (6).} 

= Q 3(x,) { X, is a root } 

= 3n(x.); 

AO that is another root. Thus the tliree roots of eqnation (2) aio 
of the form n(ar|), 


The eqaatioQ (2) thas associates each homographio correspondeaoa 
with nodal points as 6xe(l points, with a reciprocal set. The identical 
correspondence is nfisociated with the inflexional triad, and the fnnda^ 
mental involution with the triad — 


§ d, HcJututn <»j th* cf<6}c • 

Let denote a hoino^rnphic correspondence, with the nodal points 
as fixed points, carrying a: to a poi nt of inllexioD, Thns tt^. is not deBnite, 


Z ; X 




. But it is easy to 


but may be any one of ihe oorres^pondencos, 

see that in an 7 case.n.^, is definite and unique and that if is known. 
* is determined as one of tlie set of mutually reciprocal points. 


(Rv')-'(w.), (10.) ri'(n/r> (m,). 

W>: hai’c Ih’j tmpo>t,int fchtinn 


For 


I*. 


n/(x) =a;(<*>(x(ti;(*(u),))))) 


This property leads immediately to the soinfion of the equation 

** = S(x). 

identically and fl, and S have ihe sam., fixed 

pointfl, it follows that 

, fljf^sSs^a known correspondence 

whence X is determined as shewn above and the equation is solved. 

§ 4. Properftet oj gucce$$ivf producU. 

Consider the successive prodoot. 

We shall 6nd it convenient to write this 

(«fl a5„«| 
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Lei n3 call a, .rs...tbe 0(1<1 eleni and Xj x-i ...the even elements 
of rhe prodnct. The following ronlts readily follow fr.)m (7) para (6) 
‘ Xodnl culiic *. 

(1) All the oven eli-ioents and Ihe first odd eleuicnf can l>e 
arranged among themselves in anv order. 

(2) All llm odd elements exce)>l the first can be erranged among 
themselves in any order. 

Theorem I. If P„, = (/*„, ../<./>,) and = p,„ 

then P,„X,„ or x, acuording us ni is o<ld or even. 


For P,„X„, 


and 


(/^Hi Pm~i - P‘3 Pi)^ ^ P\ Pt„ Pni- yPi *) 

(i'l ^m-l P.,,-3 ■ PiPl)'X-(P,uP,.,P,u-V-Pi-e) 
(/'l P.n-l-'’P3 Pi) ^ (pill— 1 Pii,-i-'-p3 ®) 

P.„~i P,„-i - P:Pi) ^PiP,,,-: • .Ps*) 
iPni—i Pi.i-, ■‘■PiPl) ^ (piPtn-:‘''P-P^') 

P»ii-'j X X,„ _j 

P, X Xj if w is odd 

iPfPfP}) X (ptp pp^) 
p3y.pp:-r; 

PjXXj if 7n is even 
PiPi'^ipiP^x) 

P**- 


Theorem II. 'i’he prodnct of two .successive products can be 
expressed as a saccessivc product. 

Let the two soccessive y)rodacts be denoted by P,„, Q„ where, 

F ,n ~ (.P.iiP.ii-l- • -PiP')- Q,i — ••• ?s?l)- 

We may suppose m to be otld. If it were even, we may writer, os 
and thus convert P,„ into an odd prodnct. We shew that 

Pm-Qn = I^ where R = 


We have 


Fiji R “• P iii(ptpiii •' /'j'/ii7»i-l'*'^>) 

-^...(.PtPm-'Pt^n) 

= Fmfl’i.,Qi.) (Th 1/ 

= Q.. 

P„,Q„=R = a micccsHive proiluct. 
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CoroUaiy. It follows by repeated application of tbetn thereto that 
the most general function of a rariable z. can be expressed as a auc- 
cessire product the elements of which are powers of x and constants. 

Dr-f. A successive prodoct the elements of which are powers of x is 

said to be >i i/Uf\ If constants also ajipear. the product is said 

to be inix'-d. 


one 


theorem III The most general mired pro<luct can be rednceil to 
of the fonns, a ■; (hr^.). j;’"‘ (cP,), where P.^ is a pure product- 
consider first the mixed product C’^. where 

Xi, lieinc pure functions of x and c’.s Constanta. 

This product = .Cy-sCg. „ ') 

whore c,/=c,c„ 
where x„'=.x„x^ 

where c,(c,/(c,(/)) = 6rf 

where U,' ih of the same for.n as C, but with fewer elements 
Hepoatmg this process of reduction, wc would have finally 

~ Cj/iJ/ji/i • • • ) 

Where the y’s arc pure functions of x. 

In the second case. C. at once rc-ducen to the form u(M> ^ where P 
IS a pure product. In the first case, C wouhf ...a 
forms bPgy 

T he latter form can bo reduceil to ^ • * i 

Bdequalo power of x occurini; in P, exnroflse I L !/. and 

* exprossed as a successive product. 

Consider now the genenil mixed product 1 he . * * 

»' .-rr znr:! 

;!;e e.e.entt;' 

S <>• bet the Corre.-pondence 1 .... 

I as we tdmli write it for 

oonrenience | ' | bo denoted by s Tlmnl*’ .. . 

, > X 1 hen]^, would be denoted by 
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Now iix*6g%iy)=x(j^{x{;^{z‘(x*y)) 

=x{z\x{x*y))) 

=x(y(x{»*j’))) 

-y. 

S^’Sjcj = 1 So that S;o=S,”*. 










# 



X 





# # 

fl 


x» 

1 

4 


eei 

1 

n 




• • 


i -(- 2 r 

***i I (• 2 )"^*— (— 2 )'"* 

m2 I s 3 

S . 


9$tn 

Writing the successive product Ct** ...(»^ ^ 
/m m 
as 




ni|\ 

■*“’ we maj shew more generally 

3 


that 


L = 


/m m mi\ 
A n «-l ) 


=8 




i'W. Assume the theorem lo be trno for pro.luota of » elements. 




r in Ml Ml \ 

jS\n W 

/m Ml m \ 

-ft «••• W 

•C 

/W Ml Ml ^ 

«+l U 



in 

X* «+» 

/Ml Ifll ' M* rm 

^ K n «•! ••• t 




where mj “ «i»+ 1 


sLx 


m 


X* 

X 


M tti • mf 

e \ 

jp* V M ••• * 


1 + ( y f - 21 ^^ ( - 2 )"**- + -A 

LxS^— 3 ^ 

m 
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Thel tlieoi-era ii thn^ true for products ofi(«/+l) elements. 

Since tlie theoi-eru hasibeen proved true for simple powers. tli« 
indnotion shew.s tloit it is iiuiversaUy trno. 


!>' J. 'I’he expi'o.s.sion 

m j /• /V f» f* \ 

! + (-) ((1-2) ‘+(-2) _(_2)J+_(-2)_'..J 

i) ■ 

may bo calle^l th- ch^irticf» netic ot tln‘ snc^ osi^ive |'roilue< 


.0' 


(t' t*\ 

\ fit m-l'** tl 


Evidently tho chi>racteristic is an intgor or— 


iC A t'auctioa of x which=ii whcn.c»>/ will bo said to be an 
oven fanotion. A fiini*tion which = >/. when x = u will be saia to bo an 
odd function. 


A t unction which does not beeonm indetermiaato when ,y. isimade 
€i|nal to a nodal point will be said to bo siD)plox. 

(o) A poro successive product is an oven or odd fanotion accord- 
ing as its charaotoristio is— op+'^. 


'I’o prove tins we ob.AcrTe that if f(x) >s an odd fnnction S*[rYjr)l h 
also an odd function ; for 

S,(/(*))=a!C*y(^)) 

= n(n'n') (pntting ars)j) 

f 

s n 

Hence S, O(j-)) is an odd fonctioo. In the same way it is seen that if 
fix) 19 an even fanotion S,-*(/(^)) is also an even fanotion. 

Now if P,. be the snccessive product and I iis characteristio. 

Wo have I I =S/ or P*=S/(*) = S/-(a:>) 

since .is an even function and an odd function it follows at once that 
I IS even or odd according as h is— or 

nrndn oeoessary and safficient condition that a pure 

product may bo simplex. * 

KridoDtly tho necessary and snfflclent condllioa is that in 11. 
oonrse of ll,o prodnet an odd fanotion should nowhere hi ,1° 

»n even funolion or an even^function by an odd fanotion. ^ 

Let the prod not be ^ 

FiraUy «• • and should bo both odd or both even functions. 
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Wliicli shews that and shonld he l)olh odd or both even 

secondly it should be oven 'or odd according ns ia 

even or odd, for all values of /•. 


The characteristics are therefore of the same sign. 

Therefore (—)*(— 2/*'^ is of the same sign as ((— 2)^*'+(— 2)^^*... 

±(-2)^-') 

Tljis sliews that y'l/^s/'i-.-are alternately odd and oven. 

Cor. The degree of a pure simplex product cannot be a multiple of 
three. 

The degree of the product iu (6) above ie 

(2y''+(2y'''+2^^^.. 

Now 2^‘=±l(mod3) 

2^==±1 (mod 3) 

2^® = ^ 1 (mod 3) 

(mod 3) 


The upper signs being taken if //| is evi-n. Ibo lower if />, is odil. 
(These equations follow by a|)plyihg the con<lilions that the product 
may be simplex). 

Adding up, we see that the degree can, never be a miilti|)lc of three. 


§ 7. The Q'n-rof KqunUnn. 

We are now in a po.sition to disonss the general equation 

F,(.») = F,(a^) ... ... ... ... (1) 

Fi, and Pj can be reduced to successive prodiu ts [IV] and further re- 
duced to one of the three forms r»I\., (cJ'*a) where P.y is a 

pure product. It is ea.sy to verify that tlie equation (1) can in all cases 
be reduced to one of the two types 

Py— ... ... ... ... ... (^) 

I*v=^'(f'Qv) ••• ••• ••• (2) 

where P* and Qv are pure products. 


An equation is said to bo simplex, when the noflal points are not 
roots of it. Evidently the equation of the first type Is 8im[>lex if P.y is 
simplex and the equation of the .second typo is simplex if Py and Q.y are 
not both odd or both even. Wo prove from this the interesting result:— 
The d'.gice of <t si'mphie equation "j the firgf type novr ii muttipl' ' 
the degree of n giviphx equation of the gtcond type i$ nheayg a mnUiple of 3. 
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Tlie tirst purt foliow:* from i i>. Cur. 

To prove the ^^ecou-l parK wo rotor buck lo § 6. Cor. 

The of th*' ohuructcriBtic of tlie pro^lucfc x* 

Xhc ile;^rec of the pro^luol i> ut the form) 3«y + ( — 0 if 

irf eren and of tlie form (3/ + (— )^^*) it is odd ,i e. of the form 

(3.,-(-/'+"‘) ^Yl^etho^ j>i is odd or oven Hence the <legrec of a 
Bimplex prod act is of the form (3-/^ 1) aec u'ding as its characteristic is 
+ or — ". ApidjitU' tld*> result to the equation of tho second typo, 
we sec tliat the degro tlif' one of the functions is of the form 

3y+L and of llic other, ot the torin d'/— 1. -vo thai tho degree of the 
eqaatiou itself is a multiple uf 3. 


Sf.*h*h>*n >•( th- 

(i) Th' ^.tjnotufn ih ft f'st tijp- 
liCt k h« the characteristic of P^, ao that 


Ic 

Now = 


X 
I 


U) 


X 

h 


X 

Ul< 


h 

Ul, 


3 



u>, = u>, 


— a known corrcBpomlenco 


Thifl .leleiiiiinr^ .r. Wo sco uiciileatallj tliiit tl,c dogico uf th 
equation suppose<l sim|dex isHAr^l. 

(ii) I'h ■ 'jH'ii '.■}t ..j iti- .■!■ C 'lul I =.S(<Jv) 


e 


il k-, h' Mf ihc . liurii'Mori-tics of l\ (^>,, wo Iihvc 
8 _ 




* I -c \ ~-l 

'■-I ~ I Qv| 

k-k' Z{k-h') 

wbicU determines .'.r., 

3(^_Y) equation is the oatuerioal value of 

_ § 8. The last aragraj^h shews that the solution of any equation 

3 reduced to the extraction of roots and to the geometrical problem of 
drawing a ray making with throe other rays, a pencil of given cross 
r^tio. U also show3 that if a is one root of ^ equation oUhe n- 
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degree, all the roots are given by the series, a, n„(a), n*„(a), 

n„ being a primitive root of tbeiideiitical correspondence 
mth the nodal points as fixed points.. 'I'liis is merely another aspect 
of the fact that in this algebra every equation involves only one para- 
meter. This somewhat strange resnlt is shewn by the theory of linear 
systems of points to be necessitated by the symmetrical relation between 
the nodal points and the linear systeut formed by the roots of all 
eqaations of a particular degree. Now there aro only two ways in which 
hv" points can be related in absolute symmetry to a linear system, viz. 
(I) the system may be a complete one and the two points may form the 
indeterminate pair, in which case the order of the system most bo three; 
This happens in the case of the nodal points and the complete system 
of coUiuear triads; or (2) the system must be a focal system of the 
second degree involving a siogle parameter with the two points as foot. 
The linear system of roots of equations of a particular degree belongs 
to this latter category. 


. . •#«•«««' 
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SHORT NOTES. 

Some Fundamental Expansions * 

§ 1. Conaider as tJie limit, when rn becomes iotiDite, of 

810/Oi; 




and suppose tliai rn roac)ie> intioHy tlirough oild positire integral yalues. 
Deoonlpo^ing }\m) into partial fractions, the factors of the dcnoiuinator 
are obtained by eoWing 



"*+ ( 1 — 


\ m ) 


m ' 

i s 
+ 

» 

//Oxy^ 

ta ) 


\ my \ ,U 


This gives 


1 + 


ipx I 2iA:n 

m j 


ni 


(whero A-i 3 zero or auy integer] 


iAvr 

m 


i'Att 

m 


I ' 


+ 


I’/fTf 

m 

. • ui kyi 

... s=» tao re aj= — tao— . 

jkn m p m 

m 


Denoting tbia value of .e by a-,,, the partial fraot 

1+r h.. 


ions are 




'vhero by tlie ueual rnleb 

and A takes the values ,— „._1 

2 ' — — g-' 

Aiso since x^=- 2 i..^ and 


The fourfuudameutul eipaudont. coi.Wuod iiTThis n„,„ ^ : 

by a melhcjil similar to that civen in 'iodbui.in,.* r ♦ “blainad 

method hero given i., perhaps. Lro rigid The 
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^ fix 

tho snniniation oxteuiling from fe = l to fe = s(m— 1). 
Now + + — 


= {i + r\tan'~lp'^ -f — 


ni 


tn^l 


= (1+; taD 0 /_.)"‘ 4 .(l — ; tanO/.-)"‘, putting tan0^ 

—2 sec"‘Q^ cos »i0/. ; 

aufl + + — 

/i . • . A'nN’"-' , /, . , /.-TT \ 

= 11+' tun — ) 4 - [ 1 ~} tan - } 

\ >n / \ m / 

nj Vi 

I y \} IJI I A ?T /l 

= ‘J( — ) * 8 CC — OOH , 


\ . ArtJ 
• — tan — . 
p m 


fn 


nonce = "‘Y - 

fi I cos9/, j cos* A-n. 

\ / m 

For any partioulnr large value of m, put 


k=l 

Ibc aeoontl Rinnmutiou oxtv*u<liug from k-p+\ to k=.l(in^l)-, 
Ihen /(«0=/i(»0+/j(”^) Now let w Ijocomeiinlioito ; then since /(»i) 
ami /,(m) have^cacli a .k 6 m<o*limil,!j,(m)rhasjal«o a <letiuito limit i 

also m= or> <>"- ^IT p ’ 

, XA-vt 

and since cos 

namerical value of t,(»0 ia less than 


m ^ fi 

wu ruay rtiipposo p to bu taken ho groat that tho 


2 


U 


l/nl(A*-n* /)*—»•) 


This Inst in n convorRont series, nn.l Ihereforo wh.n p is taken snffi- 
dentlr ar^e. ;,{») can be usade less than a quant, ty as small as we 
frase Proceeding lo the limit when ^ lends to at or m , we get Ibe 

fandamoatal form 




k~in . , _ 

1 1 Li \ w ^ 1 

smpj* fix fi /n = u: - ~ n 

^ ^ A = 1 

In parficniar if pSil = \» u»* liuvi- 

/. s Jn 


(A) 




coi^=i,. ''.i.c=2+ N' 

.c 1/1 =x Cj (.i’— /.’ tt') .t .,»— A-»n»‘ 

'■• =1 A ^ I 

as is well known ; and bj jnittin^ \ = 0, /O 1 , wo ^'»*l 

coscc X = i+ N ' f ~ ^ ^ ^ , 2 . 1 . 

A = 1 

We can similarly find out tlie expansions of the remainiiiL' three 
forma, namely ^ note 

sin^a- cosVx sinKj: 
sin/Jj’ co.e/Ox’ cosyJx' 

by reasoning as for the first funda.uenlal form : ll.e following; oonver 
gent expansions will be obtaincrl ^ <^onvei- 

^ s X 

(-iy'2TiA 

sinpj ^ p 


A-l (A>V-A.in») ’ [>‘<P]. 


I.t 

m = CD 


k = + m 






and 


i: 

k = ^pi (px — fctr) ••• 

••OS/ 3 X ^ , [\</>| 

i = l .r>-(2A-l)^ ^ 

v* (— l)'cos-(2A— I)"” 

" Zj - 2 

A = 1 pV-.(2fe_l)’Zl* •(2Ar-l)7r; 

A* 4 

mn^*_ — ( 2 A — 1 )!^ 

coH^x” 2j - ' ,2 2, [X<iOl 

, 4 

A s + Tn 

= Lt v> (-l)''Hin(2A-l)^:? 

^ '^P 


(B) 


> » • 


(C) 


Wl = <» 


At=~ 


m 


/>x-( 2 ;.-i) 2 !^ /“• ••• 

2 


... (fj) 
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In (B) and (D), Ihe value* A:=0 should not he Inohided. 


Those results may also bo obtained from (A) by observing 

._*L_ (cosX 

8D.T sinVirC sinx sin(*+Tr) / 

and nsing similar trigorometrical identities. 

Taking the Best fnndnmental form and changing \ to t\, we get 

k = T. 


coah\a!_l VI ( — l)''co9h^^^ 

sinpz Ox p Zj . . — -. 7 -^ 2*. 

Farther changing p to t/O, we get 

k^a> vj.- 

cosX* _ 1 I 1 (— i)^co9h— ^ 

ox'^o Zj 


... (A') 


sinhpx px - p ■" 

Lastly changing X to j'X and p to t^.we got 


... (A") 


k = 'X} 


k\lT 


cosbXg ^ 1 1 ^ (— l/cos 

9inh^* px p 2*. 


... (A"') 


Taking the second fimdamental form (B) and making simUar chan- 
ges, we shall have— 


8inh^_ y (_iy'2.rtfe9inh--— 
sinjox ’ 

BinXx^ y,(-l)*‘->27rfcsmh ^ 

feTi ’ 

k=® . \Jc‘n 


» «♦ 


• • • 


(B') 


.sinhpx 


(B") 


and 


sinhXx , y (-iy"’27Tfc9in— 

nahpz ■ '*■ 

Similarly from the third fandamental form (0) we get 
coshXx^*'^ (-iycoBh^(2fc-l)^ ^ 


1 • • 


(B'") 


C0Bf>X 




fc24-l)pi’ 

, 7T r 


... (O') 



3^9 

and from the fourth fundAinental form (D) 

fc = co . 

■ •\Dh\ x_ VA (-l)>3inh— 

CO9/0JJ Zj ^ ^ 


- 2x. 


(D') 


A-=l p^^^-(2k-iyV 

4 

§ 2. A large number of results maj be obtained from these forms 
by varioos analytical methods. 

For example : — 

If r=3io • hence by the ordinary expan- 

sion we have 


9in\ar_\ r I , 1 /, • 8 


+ 


51 (’“^0 


= 2Bin’::-'^('l_^V -n»V‘ i 


i 2^7T 
fi 


V _ • 


fi 2 fi ^3 p ••• -*2 


tr \ 

7 


P 2 P^3 p ~Y-J 

iin— -_LRiQ2^'^+J_gin3^7_ _-n''/\ \»\ 


1 1 • X 


P 

2 \'rr . 1 
3^ 


» • • 


• • « 


( 1 ) 

( 2 ) 


SX-TT 


-720 


P 

SK-rr 


e I • 


P--V'-r-’^-4 .. ^ 

2 


(3 


n (•■-¥) (‘--j:) } 


3* 


-~) 

p'/ 


i4 


The eerie, (1), (2), (3), (4,. „„ 

[See ! Chrystal. Chap XXVI, §! 
K. Ekwilbamamj. 
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An Interesting Experiment, 

[The following interesting experiment described in December 29, 
1917 of Tit*Bitd ** was successfully perform^^l by the present 

writer^ and is reported here in view of its scientific interest. The 

details of tke experiment can he varied, at pleasure, of course.] 

• 

Take a good-sized bowl, 611 ic uearlj with water, and place it upon 
the floor of a room which is not exposed to shaking or jarring from the 
street traffic. Sprinkle over the surface of the water a coating of ly- 
mpodium powder, which can be obtained at any hospital or chemists’ 
shop. Then opon the surface of this coating of powder make with 
powdered charcoal a straight black line, say an inch or two in length- 
Having. made this little mark with the charcoal powder on the surface 
of the contents of the bowl, lay down upon the floor close to the bowl a 
.slick (or some other straight object) so that it will be exactly parallel 
to the mark- (If the line happens to be parallel to a crack in the floor, 
or to any stationary object in the room, this will serve as well.) 

Leave the bowl undisturbed for a few hours, and then ob.serve the 
position of the black mark, with reference to the object to which it was 
parallel, It will bo found to have moved in the direction opposite to 
that of the movement of the earth on its axis 'I'he earth is simply 
rotating and has carried the water and everything else in the howl 
round with it, but the powder on the surface has been left behind a bttle. 
The line will always bo found to have moved from east to west, which 
ie a perfectly good proof that everything else has moved (he other way- 

K. B. M. 


An interesting Cubic Connected with an Ellipse. 

Basset in his 'frea/.V »» ''Me and Quartic Vurv.s has Jiscussed the 
diaeront forms of the cubies obtained by inverting a conic w.lh respect 
1 Us vertex, (vide : 125, 146-7). The following inferest.ng case ha, 

however been overlooked by him ; 

Let an ellipse be referred to the extremity of its minor axis as origin. 

Then its equation is written 


* 4.^=3 


Inverting with respect to the origin, we have the oircnlar onhio 
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0 



whuso form is shown below. 



SP , HP OP, . , 

os+oa='T>(‘^+'‘^) 


=2a. 


Uul 


OP 

V"* 


n«=oA = o, OSo#a=A>=UU.oA. 
UH=OS = itV«. 

SP+HP = 2 0P. 

In uthur wunis. the tri-polar oqafttioD of the cubic ia 

r,+ r,-2,-, . 


M. T. Naraoiengar- 


Degenerate Bicircular Quartics. 

™ntre of 

('■'+2ej;4-S»\)(,-*+2cj!/\ + 57\)=o. 

Oompanug Uiis TOilh ajuutiun (12') on n IV. f i* 

Quo,„c Co.„.-,, iMer ,„J . b.ol-oL “ 1 t 

two iDTeree oircleP, if ^ ” ■Regenerate in 
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aud 


Th 


us 


aUo 


• « 


■V=2c ff=0, 

4j^+25’‘-4a^=^ + 5^ (\+^), 

P=cVX + (u*-t*) 

S’(X4-~+2)=4(S^-i.V- 


J 


■■('- 56 -.)=“=-^' 
6' 


/=±V{ 


6* 


} 


• • • 


• •« 


(1) 


lu Ollier words, if the ccutro of inversion is the point (/, 0) where 
/ is determined bj (1), the bioireniar cjiiurtle rednees to two iuvorao 
circles. 


Ijxainpht : 

(i) Let the centre of invorsioo be the foot of the normal at P('t) > 

then 

= PG». 


Hence, we have the following result : 

If from 0 a pcrpen'Hcular GT be «lrawn on any tangent and a point 
R taken on this perpendicular such that GT*— RT’=PO’, then the 
locus of K iseiiher of two circles. 

(ii) Suppose 4 =9 i** 'lhenj=(n* — f**)/*^ and5=6V‘'* 

For points out-sido the limits ± (o*— !**)/« , Ihe value of 5 i* real 
lip to I'cyjn'l 0 becomes imaginary, being the length 

of the imaginary normal from the point to the ellipse. 

Jl. T. Naraoieogar. 



Astronomical Notes- 

The New Star in Aquila. 

The new stav in Aijoila appenred very sotlilenly on June 8 lust >\hen 
it was about the same magnitude as Altair, for about two days it 
increased in magnitude till it became nearly equal to Vega and then 
began to fade steadily. At first the star was wliitc in coloui, but 
about five days after its first appearance it became distinctly yellow, 
and a few days later became red. The spectrum about this stage 
8howe<l a velocity of approach ot about one-thousand miles per second, 
similar to that observed in Nova Persei. 


The Nova appeared in the dark rift in the Milky way about one 
hour west of Altair, its approximate position I'eintj R.A. 18^*44"’ 47^ 
Uecl. 0®3l'N. 

This is the fourth Nova which has been discovered in Aquila. In 
38y A.D. a bright Nova appeared close to Altair, but vanished after 
three weeks In 1899 and again in 1905 photographic discoveries of 
Nova in Aquila were made at Harvard College Observatory. The posi- 
tion of the present Nova however differs greatly from any of the other 
three so that identity is not possible. 

An interesting Problem. 

The sixth and seventh satellites of Jupiter revolve al)uul tlieir 
primary at approximately the same distance and consequently in 
ttpproxmmtcly the same period. The same is true of the eighth and 
mnth satellites, the sidereal periods of which are 739 days and 745 
days respectively, a difference of loss than one per cent. Now it appears 
that the penjones of the sixth and seventh satellites are senarateil bv 

approximately 180 , while the same is found to bo true of the eighth 

and ninth satellites and the question arises, is this purely accidental or 
BtablTthaYan^X^^^^ for e.xample, is this arrangement more 

and It was shown a few years ago that at a coL"derabSe distancoT 
the primary a retrograde satellite is more stable than a direct sateulS 

having the same mean distance. a uirect satellite 




cannot give all the references hnf t\./r fbis Journal. 

•nterest by those iutorest^lln th; ‘ub^cr"^ « 

ding toTho 7nZ{lZ l';rri;Vof "darivR^ 

Not. a. i. s. IP18 Marcli, p. 303. Silberstem. ilon 

K. J. POCOCK. 
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SOLUTIONS 

Question 612. 

(N. QaDapiUbi >Subba Aiyar) :~A series of ollij>se3 have a ootu* 
mon tocus (S), jiass throDgh a given point (F) anti have their major 
axes of the same length. Find their envelope. 

Additional Solution by N. DuratVajan, 

Lt:inma : If two curves touch, their tirst positive pedals touuli. 
Therefore if a number of curves have a common envelope the pedals of 
the carves have also a common envelope which is the the pedal of 
the original envelope. 

In the present case, the pedals of the ellipses are circles of constant 
radii and also the circles on SP as diameter touches these circles. The 
envelope of these circles clearly consists of two circles of radii 2u«F2/', 
where a denotes the semi>major axis and r denotes SP. 

« 

Llunce the onvclopa of the ellipses is the negative pedal of those 
two circles and consists of two conics having a common focus S. 


Question 625. 

(V. V. S. Naratan) : — Show that the lines joining the vortices of a 
triangle to the correspontling vertices of its first Btocard triangle con. 
cur in a point Q wliose trilinear co-ordinates are inversely proportional 
to those of the pole of Jl’ with respect to the Brooard circle, 

Solution by K. B. iladhava. 


Let K be the syminedian point, and EF', FD', DB' b© the anti* 
parallels though it catting the circle on SK (S is the circnnicentro) as 
diameter at the points A', B’, C' respectively. Then A'B'C' is said to 
be the first Brooard triangle and the circle as the Brocard circle. 


Its equation in trilinears will be seen to bo (by the method of 
Askwith Coordinate Gtomttry : p. 416. Ex 4,). 

Ic ett uo 


Since the first Leuioio© circle goes 
with the Brooard circle through K, A' 


through EF' and is ooncentrie 
; KB*A'F' : f'.' AA' and AK 
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cnt BC in points eqiu<listant from its nu<1 point. Tlierefore hy re?a*s 
theorem AK\ BB\ CC' concur ami their point of intersection ((^) is tlio 
isolomic conjugate of K, t.t. its trilinear coordinates are 



^^o^eov'e^ since tlie normal coordinates of 


n c a bt 1 

b c’ o -t - 7 

c 6 

llie eqnalion of n ilMs 


-0 


and iLs pole wi»h ro'5|»cct lo tlie circle (1) is ('»',6*.c''). 
stated. 


( 2 ) 

(. 1 ) 

Hence ll»c result 


Quezon 734 . 

(.1. C. Swaminahayan) : — Solve tlie differential equation 

= V'Pi’+^ry-- „'b\ 

Solution hy N. Duratrajan. 

Write x = «i cos (a-e.) 
y = 6 SID (aT.) 

Snbslitiitint' in the equation and redncing wo get 

da+dw. _Q 

V 

Tiio variables are separated and the equation may he considered 
as solved. 




(S. RaMANUJA.M) ; — If 

^(a:) = ^j log 27T.r— *+ J* 

whei-o [f] denotes the greatest integer in t, sho'w that 


lim a/ N A , iim 1 

*->00 = 

Solution (1) by N. D,ira»,-uja„ ; (2) by K. B. Madhavn. 
(1) Wo have 

4<»)=5 log 2^*— a!+ f 

^ I ^ 


1 


lim 


30C 


F^prrs^ing ihc! int(»gral as I, we Imve 

CO,,. . 

•’l ^ *2 * •’m * 


^nog|+ 2 Iog^+ 31 ogi+.„ + [»] 

_, /2 3® 4‘ I'** 1 

2 *- 3 ■■■[xj'^'J 

j % 

=log 


[xj! 


We liave 


^(aj) = log 


'■*V 2 ‘ 7 r*. 


U]! 


Now lot a:=[i]+5 = »+5. koeplDR 5 constant make «->x 
Now 

'i“ (-+5) iogi:::^’Li:‘+M'+5i’' 




n ! 


5 being constant 

= (»+6)log. -'V2,I»,.." ( 1+|) .-5 


n ! 




j -5,1,5 "+i) 

+ 0i + 5)log|<. j 

by Stirling’s tlicorem, where 0=0^—^ ; 

= (”+ 5 )(-i - 0 )+("+ 5 )(^+ 4 ^^ + -) 

In other woi'ds, the limit depends on J-The maximum and miDiinum 
▼allies of 5—5® are when 5 = 2 and 0, and equal to [ and 0 respootively. 
Honuc lim xi-{x) osoillates between the limits 

(2) Differentiating we have 

14.2 

5 *“ 2 a 
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which vanishes wbena=M+;5 . 

A I ^ t 1 + 2n , - , 

Also -r~~ = — : — =nei?al ive when 

da? Hx? 

Hence wo infer that 


Hm «4(*) = liro (»+0^(^+2)- 


(Vide Solntion to Q 740, page 220., Vol. VIII) 


Question 783. 


(S. Rahanomn) : — If *=y’‘— and 



show that 


(i) 

(H) 




Solution by N. Durai Rajan and 'Zero* 

(I) If asi/"— y”-*, it is obvious that for positive values of x, y>l 

when positive Also y cannot, be- negative, since the question involves 
a a) where ^ corresponding to the limits (0 , 1) of a aro 


a"— a”"‘— 1=0 and a>I. 

i i-I. 

^ Again, if a=y yf* 1 the similar limits for y are (I,/?), 



which may bo written (after multiplication by 

1_1 

^-/i n-1^0 

proving that /?=a", and i+i = l 

a /3 •• ••• ... (I) 

4 


3^8 


Now 

.1 

J«*| log y ^ (log x), ,, .. 

A ‘ 

= [log £ log t/]— log * d (log y), 

h 

{ -■ log j+log (^l-i) I 

bioce tbe value of (lug x log y) beUvccD the limiling values of s and y 
is easily seen to be zero. 


Hence 


J«=-|^(logy)Hjlog (l-j)- 

-i" 

•j)\ 


= -Klog ® log ^)-J log (l““ 

)^5'. 

' y 

... (2) 

Similarly 



J * = (logabg/?)-f'^log(l--)-^. 

• • * 

... (3) 





To prove lhatl J„+ Jj_iis constant, wo differentiate (2) and (3) with 

» 


respect 


to a and 0 and remember that 

da , ^_Q jjy virtue of (1.) 
a’ /?* 




and 


(alogig +/?log<^) . 

- *" 2a* 

dJ I 

" _(ttlog/?+>5log^) 

-d0 * 



^ . <2a , 


• « 
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HeDOe Jn+Jtis a constant for all valncs of n. 

Id particular Ji + Ji = 2 by the first part. Finally, there- 

fore, we have 

11. Since aj=y'‘— y"-' —y" tranaformeJ, by the substitution 

1=1 — 1, into 

^ / i\ “ 


we see that 


^ 'op wbere 1=1—1. 

fj •'0 ** n »» V 


Thus 




cc 

=Jl [»f;+‘'loE (l-|)Jlogy+/‘ 

= [g (log y)’-i (log ,)•] ” +J^ log J, J log 


y 

00 




CO 


6 ’ 




SPO. the oxpres.i„a within tho nqnaro bmokota in «ro. 
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Question 800. 


(S. ifALitin Rao) : — Shew (hat the sum of all fractions which may 
be represented by a recurring decimal of the form (.0 i; c J) is 50, pro- 
vided tj+c=6-t J = 9. 


I'ltithur E'liioils hy 11. B'\ 


The error in printing the question on p. 199 of Vol. IX was fortu- 
nate ; and so was the failure of the attempt on p. 251 of the same 
volume to correct this error. For, tlie solutions on p. 326 of the 
last issue of the Jonrnal show that the second dot might be placed on 
u or on b without altering the i>ropo3ition. On looking more c osely 
into the matter I find that the second dot might also have been placed 
on c or nowhere at all. T he mor a l credit for the iollowing generali - 
zation thuB belongs to the Printer’s. Devil^ 


If (.rtb...jh...n) is a recurring fraction (pure or miied) its value is 
equal to 

Au+ Bb*t* + Nn 

where the quantities A, B, ...N are determined by the positions of the 
corresponding digits, but are independent of the valne of those digi(s, 
As a general rule A, vary with the variations in the form of the 

recurring fraction, but for all such fractions 

as is clear from the fact that the expression on the left is the value of 
the continued fraction when all the digits are equal to unity. 


The number of the digits and the position of the dots being fixed, 
let us obtain all possible recurring fractions as under: 

(i) The digits in k assigned positions are given any valne we 
please, independently of eaob other ; 

(ii) Each digit in any of the other positions is dependent on a 
digit in the first group in such a way that there is a com- 
plete 1-1 correspondence between the ten possible values 
of the two. Subject to this limitation, the law of depend- 
once is arbitrary and not necessarily the same for any two 
pMM.aud each uf the iadopendeat dig.t. may kaTe any 
Lmber (from aero npwarda) of digile depending npon it. 

The proposition ia that the sum if nil fr.etlone in {.10 ‘ 
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Proof Tlie sum 13 


whore the ^^amniAlian e:^ten 4 \s over nil a lmissihle vali^os of oacli ilicit. 


Bnt the 1“1 correspondence ensures that the summation for each 
of the tNvo connocied <ligits is the saiuc. Clearly the snmmalion fur all 
the iodepenJent digits is the same, i.v. 

10'--i.(0+1+2 + ...-»-9) = 10^->x45t=^. 10'^ 

Tlieroforo the sum of all fracHons is 

|.10^.A + I^^-... + N) =il0^ 

"Whatever h he, the average value of iho fractions is J as it shonUl 
ho becanse the average value of <iU jmssible fractions is and wo have 
taken a fair sample of nil fractions. 


Question 935. 

(S. R. RiNOASATHiN) If R, N, No, N,. are the corresponding 
points on a curve, its ovolute, the evolute of the evoluto and the erolate 
of the a — evoliite respectively, show that Nj describes a circle on 

N, N as diameter, as a varies from to+— . 


Solution hy R, Srinivasan, M. A , hS. R. A. 8. 

Lot P, P', P'* bo consecutive points on the curve, N, N* on the evolnte ; 

A A 

then N P N, = N P‘ N, = a. 

N N, P. = N P F = 90® Qltimatelj. 

N, N N„=90®-N, N P* = a. 

A 

Similarly Ni N‘ No = a ultimately. 

N, N N‘ No is cyclic. 


A A 

. . N Nj N 9 = 180'’ — N N* No=90® oUimately 
. . Ni lies on the circle on N N, as diameter. 

A 

As a (i> N, N N,) varies from-'J N, will describe the circle 
oompletely. 
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Question 866 


(U. R. Kapadia) ; — Prove that 

» 


cos n ir 


f «-•" I ( \r cos Lt,x) dx = 

» 1 (2n-I) 1 




Solut^nn hy K. B. Madhava^ V. D. Goklude^ Sadanandy Af, K. K^wnl' 
rnmani^ S. V. Vtnhatachela and K. jS. Rama 

Sincd the integrand ise7eo« it is equal to Iwioo the yaluo of 

P -2n n 


X H (Ar 003 Or X) Ax . 
1 


Integrating this by parts we are socoossirely led to 


and 




and so on ; 

assnming L A,=0 ; T A,a,*=0 ap to 


oo 




Jo (2»-l)! 


7f COR nTT 

2- (2«-l) ! 


tn-i 


£(A,a, ). 


Hence the result. 


Note : It is easy to see that the allied integral 


<» 

**"-'E(Ar cos 0 ,x) dx 

Jq 1 

C08 nTIj-“ ^ 

2» ! Jo * 

with the conditions £A,=0 5 £A^/=0.,.£A^,*’‘=0 


leads as to 


whioh gives 6aally 


cos n7i 


2n! 


;Z!E(A^/’‘ log 0 ,) 


by Frnllani's theorem, (of. Bromwich, § 170). 
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Question 867. 

(C. Kbisbnamaouabi) : — If tiie velooitj uf tl»e EartL is iostan* 
taneouslj altered in the ratio of -yj'i : 1, when it is at the extremity of 
the minor axis of its elliptic orbit, show that the new orbit subse- 
quently described is a parabola whose latns-reetuiu is. twice of tho 
elliptic orbit. 

Holulion by S. V. Vcnkatachalu /ytr, Jf. E. Et-walramani, 
iSadanand, S. MuthukrisUnan and H. U. li<ingiifiuthau. 


The velocity at any point of the orbit is given by 

At the given instant the velocitji is given by 

• t a a ) a 

Vi*, tho sqnaro of the new velocity 

a 

the subsequent motion is given by 

r 

which shows that the subsequent path is a parabola. 

The semi-latns rectum in the lirst case is given by is— 

and in the second by ii= Since the^perpendioular from 1 the- origin 

r 

to the tangent to the path is the same in both oases 


a » 


Question 888. 

(Hbmbaj)|;— A13CI) is a tetnkhedron, the edges DA,DB,DC are a,b,c 
tho angles BUC, CDA, ADB,are ; and 2 X is the sum of the areas 
of the four faces ; and 2 Y the sum of the areas of the four faces less 
twice tho area of the face opposite D ; and V jthe volume. Show that 

^00800*^ — V) — £6c(cOuX — — 

2^ = \ + ^ + i/, 

^ = 1—1 cos* V+2 coBi K 


where 

and 


COB ^ cos 
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Solutton by Ff. Br, K. Appukutfan Erady, H. Ji. Kapadia, 

K. B. Madhava and -S. V. Venkatachila ly$i\ 

Let a, >?, y, § be twice the area of the faoee. Then 
a =.bc sin \, and /3—ca sin y~ab sin V. 

Bj considering 5 to be the resnltant of forces a, /S, y, acting per 
pendicnlar to these faces we get 

5* = a’+^’+y*+2E/?y cos {/Sy) 

= a*+/?'y’2Xa*fcc sin^ sinv cos (,/iy) 
=a^+jS^-^-y*—2abcEa cosX— (cos ^oosl')] 

= (®+>ff+y)*-~2o6cra (oosX— cos^+V) 

=(a +>ff+y)*— 4<i&crfl eintf* ein(<r—\) 

4XY =?[(a+>^+y)’— S*]=a6c sincla sin («■— X) 

cosoc''(r=ra* 8in*(<r— X)+2 £ 6c sin (^— ^) § sin {^—V) 

a 0 c 

=:ra^3in*(^— X)— 6c (cosX— cos^— 1») 

From this the given result follows with the help of the welMcnown 
formnla 

36 V* * u*6 V{ 1 — cos*X — co8*ft — 008*^+ 2 ooi Xcos^cosV) 


• • 


or 


Question 915. 

(Cbas, SALbANHA) : — Given (0+6), (a+c) and A, give a geoniolrioal 
coDStraction for the ^ABC 

SohUion (1) by fi. Srinivasan, (2) by K. J. Sanjana and K. D. Madhava 

(3) by T. Krishna Uao and several o^Acr#. 

(1) Let ABC bo a triangle and 1, the oxcentre ojipusito A. Produce 
AB, AC to D and E such that BD=BC=sCE. 

Then A DBIsA CWsA CEI. 

Also 1. D_I, C, i 1 B-1 B. 

Hence the following construction. 


DI,E=3BLC=3 
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and 


1^AE = A. On DE describe an arc of a circle coutaininjj 3 

Lot the biseotur of the anglo A moot this arc in I, with contro 1, ami 
ratlij I D and I K iloscribc circles to cut AK, AU, iu CB. Thou ABC is 
tho triangle required. 

The proof is ovidont. 

(2) More generally let two leugth.s AX, AV be given iiiclinod at 
a known angle A ; to ilraw a transversal BC across tl>em 

»ythat XB = BC = OY. 




On AX take AZ=AV ; lot YV n • i ^ 

rad;,,, KA, in D. Join D/,, ,„„l XF ' ''iT^ ^ 

drn. PX „n»llel.„AX AY IicbT 1,°,“ 'n 

AX or AX proJuoed. ^X to moot 

Then 

EY ZY ZY EV-' '‘o that C£aEX. 

CEXB i, » o),on,b„., ,„d CE=Cy, », ZCrE,=^AZE =^CET 
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Ihii3 XB — BC-sCY aud in the first figneoi ABC lifl the triangle 
required by Jl ho question. In ihe -second figure where AX<^AY', fhis 
triangle does not geometrically exist and AB+BX=AX algthfaically. 

(3) Construct a triangle ADE snch that AU=o-|-c, AEs^a+fc 
and ZDAE=A.Draw the circum-circle of this triangle and PQ the dia- 
meter of the circle perpendicular to DE. Join AQ. Setoff a chord 
QU equal to the difference of the given lengths. Join PU catting AQ 
in 1'. Di-aw the circle PAT cutting AD, AE in BC respeotiyely. Join 
BO. Then ABC is the required triangle. 

Draw DS parallel BC to meet circle ADE in S and CF parallel 
to DE to meet AD in F. Join AS, SE. Draw PM perp. to AD. 

PH 1 DS and PQ A DE. 

z:QPK = ZEDS 

i.e, cliord ES = QR=c— 6, 

Since P is the mid point of segment DAE and PM perpendicular 
to AD 

AM=i(AD-AK) 

Similarly AM = i(AB — AC) 

i.e. AD-AE -AB-AC or BIJ^CE. 

lu the triangles FBC and AES. 
the triangles B = A DS = AES 

jtnd FCB = SDE=EAS 

hence they are similar. 

BC^AE^u+5 
‘•®' FlI ES c-V 

Again since FC is parallel lo DE 

DF_KC_DF-EC BF 

DA KA DA-EA' ’c-f)' 

EC_ EA_a + t 

BF“c-h c-h‘ 

BC-J-X’- DU, 


Question 916. 

(N. I’. PanI'VA): — A circle touches a given juirahoha at 1* iotornally 
ao'l is such that the focal dUfauee of P is divided harmonioally hr the 
circle and the parabola. Fitd the locus.of the-centre of the circle. 
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Solufioii hy IJef/iraj. 

Let the equation nf the parabola bo and P (a^^ 2at). If 0, 

a point {x, y) on the normal at P, be the centre and P 0 = r, then 

x = af-+/ cos 0, y=2a? — r sin 0 ... (1) 


where 

Since 

But 



(1>QSR) = -1. As i +A 
' PQ^PR 


• • • 


(2) 


VS^a + at\ PQ = 2rco3 0 =:2(a!-a(’) from (1) 

PR = PS+SR = 2a+a((>+^) 

• • On snbstiiulioD in (2) wc jmve 

3af*+2(du— *){*+ (i~4csO 
From (1 ) al- + {2a-x)t -y = 0 

Eliminating t between (3) 0 (4) we have the loons of 0 

(4r-a)(»>-U<«+a»)»+'/*(2a--78(wH90a»x-18a~27ay>)=0. 




• •• 


( 3 ) 

(4) 


Question 918. 

(C. Kbisokamachart) :-Show that if a and h are both less or grea- 
ter than unity, and a<b, m„ = i 3 a decreasing monotonio seqaenoo. 
Dednco the inequalities, 


(1) 

Examine the ineqnaUties for fractional ynlnes of r. 


if o<o<l 

if «>1. 


40d 


tinlution hi/ K. B. Miulha:a ami S.B. Tlanganaiftan. 

Id general, if a sequence is monotonic, the seqaence^^”^ 
is also niouotouic and is varying in the same sense. 

For, I 


if 


Ia„ Ia„+i 
Ifc,, U..„ 

u 


n 




n 


i.e. if >0 which is true, because each of the term 

r«l 

is positive in cosequence of the sequence being non-increasing 


Again if thel sequence is non-increasing 

n 


r = 2 


fc, I-6„* 


O,. id.., 0„4, 


(A) 


Hence combining 

Take as o„=a""’ (l—o) or a"~' (o — 1) if o<o<l or a>l 
ami fc,.=i"-> (1-6) or |6"-Uf>-1) o<t<l or 6>1 

and then a„ = ^^" is a non-increasing njonotonic sequence, and the in- 

lr6f| 

equalities (A) become (1) nml (2) in the problem. (The second involves 
the condition 'i<b). 

The inequalities may be verihed for fractional values of n in the 
oBual manner, by multiplying with the denominator, and thus proving 
it for an integral value of n. The reader may be referred to the examples 
in p. 21 of Bromwich : Tfuori/ of hijinite Sun’ct for interesting exeroises ^ 

of this tyi)e. 


IS 


w 


Question 920 - 

(H. U. Kai’ADia) : — Prove that an integral of 

Jx _d\j 

( ^c-\-e{x+y)+f(x+yy 

]xQreX=^a+hx+cx‘+c.>^+fx\ and Y=a+by+cy’+ey'+/y 
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Solutim hy K. .h S'lnjana, Ti. J. Pocock ami K. B. Mmlhav-i ami ofht rs. 
TliU is Ex. 2 on p. 241 of Forsyth (Scoonil Kiln.). 

If we nssnnje p = r + y ; 

,lx^ X| • 

Jt y — x’ dl y —x ' 

the solution proucetls exactly ns in Foisytlip 240 with one or two 
slif'ht chnnpes which ar.- obvious. Wo obtain finally 


\ •It/ 


+ <? 


W 


li^'nce snliHtitutini' ue o»5t 

^ dt ^ 


r 1 '= c +.(■»■+ !y )+/(■«+ yr 

L y—x J 


also, Hoole ; Pf(Tere»Jtm/ Kquatinns., Qli. VI ; lb*berls : fnteg’ 
ral f'alcuhis § § 87, 88 ; Dixon : KUiplic functions, 40.] 

Question 923 . 

(il. K. Kewaubamasi) : — Supposing 4(x) vanishes whonx=0,0»l 
neither it nor its differential coefficients vanish for any otlier valneofb* 
prove the following identity 

r''(*)+... 

= A,x K^) + A ^ r(i:)+ A V"(J ) + . . . 

where 

A*,i+i=2^^j^-y-p D-iii-i, beingjthe Iternoullian.) 

AUu, show that 

■n . * . vT* . , 

Y 

marks by Sadanaml. 

The identity is not trno as it stands. Wo are rainired to prove 
tliat * 


=tan^^*D^ 


where D stands for the operative symbol £, which ia impossible. 
The series 


but the serioH 


Y ^+»* = -* tan 


2 ^•+*‘* = tan — = 1, 
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QUESTIONS FOR SOLUTION. 

[N.B. — Qoostiou 965 hj Mr. A. (J. L. Wilkinson which appeared 
in June ID18 should he nnmbereda^ 9C5 A.] 

909« (H Hr.): — From the vortex I) of a tetrahedron ABCD 
i^traiglit linos l)L,D.\i,DN, aro drawn pnrallel aud pruportional to the 
perpendiculars from a point V untho faces BCD, CAD, ABD, respec- 
tively. Q is 11)0 isugonal conjugate of P with respect to ABCD. Show 
that PD passes througli ihe oircomcentro of DLMN, and QD is 
perpendicular to LMN Show fur: her that if DL, DM, DN. are twice 
the lengths of the three perj)endicular>», but arc drawn in the opposite 
<lirection in eaoli ease, P is the circumcentre of DLMIi. 


970i (S. K. Ranoanathan) : — Show that 
« «-l 


.c** 1 1 /i . . 1 - 


(cofli 2-7X0^—003 2-n/3^) 


1 


«-2 


when n U even, 


2j(« — smh TTr j j (cost 27X0,. r—co.s 2 x 1 ^^) 

1 

when 71 is odd, 

where a,.=8iD— , and /i,= cos—, r being an odd integer. 

2n 2a 


. TTJ 


rTT 


971. (A. A. KKi.sEiNiS\vA.Mi AiTA.V'iAR M.A , t..T.) A rigid spherical 
shell of radins'u Contains a mass M of gas in which the pressure is E 
times the density, and the gas is repelled from a 6xed external point 
0 (distant c fro'ni the centie) with o. t rce per unit of mass equal to K 
times the distance. Prove that the ^snltant pressure of the gas on 
the’shell is 


(Beiant and Ramsay) Uydi'ostatccs. 

c 5c* + 0 * 

972. (K. B. Madiiava) Solve. 

5(*)+5(y)+5c«)*B- 

0=L6(y)-5(j:)][5'(y)+5'(=)]+[5(y)-5(5)][S'(y)+5'ta>)) 

O--[5(4.)-S(=)][5'(-«>)+S'(y)]+[5(^0-5(y)][5'(x)+5'(=)] 


whoro 5 is the Weiertrassian Elliptic function and 5', its derivato. 
[This is needed in the solution of liame’s equation wlien 7»=:3 ; 

l}^=12S(z)+5B.l 

u> dr' 


973. (A. C. L. WitAiNsos) : 

—Provo thftt 


^11 


Usa = 


; Den 



tC$i C$\ OjT 
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</,. 

k* 4 ^h) =• — y ► 

d^\ (/j 


1» ^'’iS 

wlii^re D = 'l. Si\s>iCidJ AniUj=sn«j, .«/ 

I I 

. 1 . 5 1 ^ ' 

l‘ro7c that 


<l 

do 


(«i)((i) =cu'(i <lii«, c(c. 


l'^(«i) + K(«^,) + £:(»/=)-2H(ar) 

_ . s,i£5 , Sj^ \ 

fe'^ + t/vWiV </, </, «/, / 

2 ft''' 4 nj; cDj;.dn(x — Uj — uj < 5 n (x — — h,) « 1 ii (x — ctj — m.) 

fc“ + dn X (In (x — «j — H|) Un {x — u, — Uj) dn (x— — Uj) 
where x= i(**i + Mj+W 3 + “() ^i.Cu'Vi arc written as nsiial fo. aiiwi. 

CDUj, dDU|. 

974- (A. C. L. WiLKiNSiix) : — If two eonfocal conics are such that 

triangles ABC can be inscribed in the one whicli are circumscribed to tiio 
other and if U, B, F are the [luints (»f contact, jirove that (1) the urea 
of the triangle DBF is ju-oport ional to the product of the diameters 
conjugate to D, E, F: (2) the ratio of the areas of the triangles ABC. 
DBF is constant : (3) the loci of the points of concurrence of the 
normals at A, B, C and D, B, P arc ('Uipses (-I) the line joining the 
points of concurrence of the normals at A, B, C and D, K, F is a normal 
to an ellipse: (5) if from the points (.f concurrence the fonrth normals 

be drawn to the two confocnh the line joining their feet is also uoniiul 
to an ollipao. 

(dnggestcd bj, Question 947 whicli shows that in all triangles ABC 
the ratio ll : r is constant.) 

975. (I rofossor K. J. Sanjana): — A uniform right pyramidal solid 
on a square base is divided into two halves b>- a plane through the vertex 
and one diagonal of the base, and the two parts are hinged together at 
the vortex. If the solid flouts iu a liquid which is such that tlie plane of 
tlotation IS a square whoso side bears to the side of the base tlie ratio 


»-:a, prove that the parts will not separate if soc0 > r^when tho vertex 
la within the Huid, and if cosocO <’ (3r'_r'-.r)'=when the vortex is 

rslanf^Se^om^ py'ramirb 

1^* J. Baniana, M. a.): — F ind ilm probahililv that fliA 

may bf aiV I .M>‘+fcx' + c =o. (ii) the cubic ax^+6x + o=0, 

may be all real, wJiorc the numbers a. 6. e ore taken at random. 

977 (M. K. Kk\vai,i.am»m)._I„ tho sorica 


1 


1 . I 


I I 
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if the terms are deran^'ed in such a manner tliat to every 6561 positive 
terms correspond 256 negative terms, the terms in each gronp having 
their original order, show that the som of the new series is 

V2r,_m.V2 + l 


8 L^"‘°V2 




— w 

978 M. K KEWAi.RAiiANi) : — If two circlesarcanchthatqnadri- 
laterals can be inscribed in the one which are oircomscribed to the 
other, prove tliat the ratio of the som of the recifirocals of the diagonals 
of uny two quadrilaterals is constant. 

[Suggested by Q. 963 ] 

979- (F- H. V. GPLASEKHAfiAM) : — If «!, Uj, «;•> «». «£. «« are variable 

arguments connected by the relations — u,=«i— u*=hj— 

K 

and if d, stands for dn «„ shew that 

(1) (d,d.,+<i.-/8+d-d,-|-<f,d.-*fdA+‘/*'fi) « constant. 

(•2) (/,+ d,)fd,+d-)4-(.#,+J,)(d,+d«) + d+d.)(di+d.)Uloonsfant. 
In eucli case determine the constaat in terms of the modulus k and 

the sn, c’i,dn, functions of — . 

o 

980- (F. H. V. GuLASKMiABAM) ; — A triangle A is inscribed in a 
given conic S=0 an>l circumscribed to a given confocal oonio S,s=0. A 
triaugle A| is inscribed in the conic ?>j — 0 with its sides parallel to those 
of A. Shew that 

(1) the circum-radiiie of the triangle A, =the in radius of the 

triangle A ; . , a r n 

(2) the loons of the circum-centre of the triangle >or 

positions of A is another fixed confocal coaio. 

981- (11- VTTHT.SArBAsWAiiT). A, A, -A,. are n unequal real numliers 

If L^...and...G^d€note respectively the least and greatest of the num- 
bers Ap, prove that 

= 5^G|»+^Gj»— ••• 

Ql»3-n = ^L, — + — 

Cse these results to express the G. G. M p. G. M.) of n 
mteger. as a function of the integers and thejr mutual L.C M s 

(G.G.M’s). 

982 (R VTTHT.sATnA*=wA«T) :-If I and SIS are both 

prove Umt S meet be ae involution nnlees I contnmn the fize,i pomle of S 

983 (K. V,Th,».TUr..>vali,);-lf nan,l.?n »re botl, porio.lic 

nn,l o? tbe snme period, she, v th.t their 6xed po.nl. n,nke mtb the 

fixed points of S ranges of equal cross ratio. 
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A Note in Combinatory Analysis- 

Bt B. Vytbtkathaswamt. 

§ I. The followiDg lemma will be of ose in the coarse of tbs 
present paper. 

Lemma : 

The number of ways of placing \ distinct things in the of two 
rows of r Tacaot places and ^ distinct things tn the second, where 
\ r, and r, and each of the X as well as each of the ^ thiogs should 
be need at least once, so as to satisfy the condition that if Xiifutwo 
members of the first ^ow, contain the same X^thing, kt, It, the corres* 
ponding members iu the second row aboold not contain the same p>— 
thinj, is the coefficient of in 

[A.^ 

where the operators and A, refer to and f, respectirely. 


i; 


Proof. Let the X things be a„ a„ and the p. things 

0U « 

Fill the first row with A*,, a »’*, k,. a..*s...k.y^<Xyj9 where ft„(n=l,2,-..X) 

is a positive non-sero integer and l.k„ — r. 

The corresponding nnmber of ways of filling the second row 
will then be 

p. A, p. A, p. A, p. A^ 

Hence the total noiuher of ways would he 

'p,^A, p.^Aj p.^fc^ where l.A„ = rand A„=ipO 
k 

and this is the coefficient of in [(1+*)^ 

If now the condition that each of the /?s should occur once at 

least be added, the total number of ways is 

which is easily seen to be a symmetric fuQoUon of X and p. ond equal to 

[A>iAl + «) ,=o. 

This we shall write also as Ai^Aj^(l+fl!). _ f tlv 

Welmay also adopt a different type of argument which »3 P®** ®® 

general- ^ ^ , » 

If there arc X distinct things of one kind and p. distinct ?• 
another kind, then the nember of ways of forming r distioot com 
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tions of a X and a fi thing is evidently Xp. r, and these correspond to 
the number of ways of arranging the X and ft things in two rows of r 
spaces each, with two dissimilar X— things always opposite to two 
similar ft — things, without, however, the assurance that each p. — thing 
or each X— thiog occurs at least once. Therefore, if we add the condi* 
tion that each X — thiog is to occur at least once, the number ofl ways is 

(of. Whitworth: Choice and Chance 
Adding the further o'ndition that each p.— thiog should occur also 
once at least, we seeUhat the total number of ways is 

A,^A/0-0^r 

whioh agrees with the previous result. 


Corollary. More generally, we shall also have : 

The'number of way$ of filacing thingt reapecively i'h n 

roui# of r tpace$\ each, so that each thing occurs at least ones, and no two 
columns are identical, is equal to 

A,’"'A,^>...a/*'000...^' 

§ 2 . We cun now 6nd the number of ways tn which a set of r different 
Sa'tors of N can be chosen so as to have the grea.est con mon measure unity. 

We will denote this by 4, (N) and seek to express 4, (pj) where p 
and q are mutually prime in terms of 4* (p) and 4^ (5). If p and q are 
mutually prime, every factor of pq ie uniquely resoluble into a factor 
of p and a factor of q. Thus every factor is specified by a factor of p 
and a factor of g. To specify r distinct factors of pq, then we have to 
take X.faotors of p and p. factors of q where, of course, neither X nor a 
is to be greater than r. and fill with them the two rows of r vacant 
places satisfying the conditions of the Lemma ; that is 

4r0>3) = coefficient of in ££4^ (I + a,)0-0 

=££4y (p)4 (g)A,'" A/ 0.0^' ^ ^ 

r" 

Similarly, if a„ at,...a„ are mutually prime, we shall have 

Wo havo also the rcbult, that if p in a prime i'= 1 . 2 ..,n.] 
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=a^r— 1 ; 


Sind tbfi-efore, that if N=/'i^'i>* 

= (pf"). A,^>...A„’^*'OOO...C, 

/V,j 


\j 

^ •••^« ono^'' 

=(1+AO°>...(1 + A„)''"A.A,...A„000^' 

= A,A3...A„r c^i 

Thus if N=120 and r=2, 4,(N) = 17. 

§3. If 4,' (N) be defined as the number of sets of r factors of N 
(not including N itself) which can be found so as to bare the greatest 
common measuro unity, we evideDlIy have 

4r+4'',~i- 4r (for values of r up to 3; 
and we shall also suppose 4i' = 4i = l. We then have 

r — ^'r“ id* 

= AjAj... A„[a,aj...a„C, — OjOj.-*** tiCr-i"h •••] 

=■ AjAi... A„f aia]...a„ — I ''J 
We llierefore have 

= -A,A,...A„(l-l)°*“'^-®'‘"^ 

from wl ich by writing E,— 1 for A, and expanding, we see that the 
terms in wltich the index is not zero will vanish. If any one of the as 
is dilTcrent from nnity, the index of none of the terms in the expanded 
scries TOnislies. Hence ickcn N confatns icpcafal prtmv^ factors the senes 
iilcuiicallij vanishes. If on the other hand all the as are unity, there 
is one term for which the indexits zero; tv- ( — !)* = (*“ )”'‘i ■ 

tlierefore, if X co«I««ms n prime factors now being the series 

upiats 

§ 4. We may nolice that if denotes the numbji* of sets of r 

fncU iSof N which can bo chosen so as to have the least comnion 
in-illij.lo N, tbeu4;,(N) =4r(N). For if we divide N by a set of hictors 
having' the least common mullij)lc N, wo got a Sot of facloi-a having the 

gnatust common factor unity, Similarly also wo find tPr'C^) =4r(‘) 

wliciv 4^; (N) is the sumo 4^, (N) with unity excluded. 

This method of reasoning may be omployed to obtain two familiar 
ro.snlis. 




Let f|, be the factors of N» N being excluded. If 4(N) be the 
namber of factors of N we have, 

where is the G. C. M. of /„ and is thus itself one of the /s 

that ie, +(N) = l + Zt(t»)[l_+;(£)++,'(l)-„.j 

= l+r<t(£)-Z4(^) + ... 

V/), / 

which is a familiar resolt. (Cf. Chrjstal: Algebra, Vol. II.) 

Similarly, tho numbers loss than -V and n<d prime to it will be 
multiples of one or more of the factors /„ and will therefore be 

***' which enumeration, however, is not simplex. The sim- 
plex enumeration isL'^ L— — 

^ 'i. ■■■ 

where is tho least common multiple of /i, l„., t,. 

This last serie-s is by the de6nition ofijj' 

and the expression, in the square brackets, is either 0 or ( — 1)"-' 

according as contains repeated prime factors, or n non-repeated prime 

factors Uenco, finally, the number of numbers less than .V and not 
pnmeiloitis 

Zji>, 

which IS a well known result. (Cf. Smith : Algebra, p. 488). 


Postscript : Extension of Fermat’s Theorem. 

h«, of ,l,e nth degre, 

< d gt.e g *-o.forn.stion ,hio\ i. 

«.ed o< S‘ UL st Z t n '1 “ ' - ““ 

»'0 also Oxod ,,oL„ of Loco 7“ f ‘''“''“T’r'”' 

... «o.odo. f„„ oo... ^ 
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m 

f9i 

'J'hi3 series is equal to « — — etc. 
where /?i j?*...are the prime factors of m. 

We shall shew now that if p is a special fixed point of S"*! then S(p) 
is also a special fixed point. ’ 


It is evident of course that S (p) is a fixed point of S'". To shew 
that it is a special fixed point, assume it to be a fixed point of S* where 
t is a factor of m. Then we bare the following series 

p. S (p), S (S (p))....S‘-' (S (P». S* (S (P)) { =S (P) } . etc. 

It is evident from this scheme that S’" (p) = S*"‘ (S Cp))— 

Since S"‘ (p)=p, this shews that p also is a fixed point of S*. This 
however is contrary to the hypothesis that p U a special fixed point. 
Hence S (p) is a special fixed point. Hence if pi is one special fixed 
point, p„ S (pi), S* (p,) ..S'"-' ipt) are all special fixed points and arc 
all dietinct. In fact, if S'- (p,)=S"‘ (p,), then S' (p) is a fixed point of 
; which is impossible einoe S' (p) is a special fixed point. Again 
if p, be a special fixed point not iaolnded in the above series, then pi, 
S (pj), S* (p ) ...S'"-‘ (pi), are all special fixed points and are all distinct 
both from one another and from the points of the previoos series. In 
fact, the assumption that S'(pi) — S'' (Pa)* leads to & * (pi)”P»' 

which contradicts the hypothesis that p, is not inolnded in the first 

series. 


Proceeding in this manner we finally come to the oonclnsion, that 
the special fixed point can be distributed into Bets of oyolio m- 
groups* UeDco. 

// >i ami Ml be any tico uittyers and p, p, p.—o'’*' prime factors of 
m, then the series. 

tn yn ^ 

n'"-E7»'Pi+En Pi P* -En ■?»■?*+ 


is exactly dtv»et6te by m. 

If m is a prime, this reduces to Fermat’s Theorem. 

It will b. DOliced that in this extension of Fermnfe theorem no 
reetrtotione nre imposed on either of the two nbrnbere n, nr. 
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Bxteneioti of M'cay's Theororn- 

Bt S. Naratanan, B.A., L T., Madora Collbge. 

M’Cfty’a extension of Feaerbach’s theorem is ‘ 7/ the axis major of an 
inscribed conic passes through the circunicentrt, the auxiliary circle touches 
the nin!-point$ circle.’ It is proposed, in this paper, to sho»v generally 
llie relation between the anxiliarj circle of any inconic whose axis major 
passes through a jiVen p)i,'nf P and the pedal cirolo of P. The main 
theorem of this paper may be enunciated las follows : 

If the axis major of an inscribed conic of a triangle pats- s through a 
gioen point P,'the auxiliary circle of this conic and the ptdal circle of P are 
coaxal with the director circle of the inconic touching the axis major at P, 
and the common radical axis envelopes the orth ■'polar conic of P. 

Lemma I. If rfy*— s’)=f, = — = 

then- -xyz 

P) n»(n*+P— m*) m’— «•) Imn 

This follows immediately on reduction. 


Lemma If. If a, 6 c, denote the circlet described on the tides C 4 
AJi of a triangle ABO as diameter#, then the director circle of any inscribed 
contc of ABC may be written in the form —0. 

This is also obvioos by rearranging the nsnal eijaation of the 

director circle of an inconio in terms of the Tarying coetEolents of the 

conic. 

Lemma III. The tricyclic eqnation a/‘a'+6m*/?'+c/*Y =0. 


represents the director circle of the inscribed conic which tonches 

la + m^+„y=0 al a-, /?•, /. [Hera a. b. o denote, as before, Ihe 

Circles on the sides as diameters. 7 . m . n are variables snbject to the 

condition 7a' + m /?'+,./=0 and a', a', / are the normal coordinates 
of any point]. 


This follows immediately from Lemma II. 

AP flP Tp '■’* ABC, and if 

r CP respectively, then the locus of the orthopoles of 

•fraught Une, passing through P, which is calUd the orthopolar confc of P 
. t*e come passing through K, L, M and trucking the common chorJs of 
the f>edal circle of I and the circles on A P, BP, CP as diameters. ^ 
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Let ?a + f7iy^+ny = 0 be any straight Hoe passing throngh 
the normal coordinates of the orthopole are giren by 

a — (m cos B + n cos C— ^ cos B cos C) (m cos G + » cos B— 1)'\ 

/? = .n cos C + Z cos A — m cos C cos A) (n cos A + Z cos C— tn) > (1) 

y — (Z cos A+m cos B— n cos A cos B) (I cos B + m cos A— n) ) 

Now, by means of la' +m/i' + ny'=0, substitato for Z in terms of 
TR and n in (1), we hare thus three equations in m*, mn, n’. And again 
eliminating nt and n between these three equations, the resnlt evidently 
assumes the form QR = P* ... ... ... ... ... (A) 

[The details of working are omitted as being too tedions for repro* 
dootion hero]. 


Similarly sobstitnto foi m in terms of n and I in (I) and eliminate n 
and I between the three equations. The result will be of the form 
QiRi = Pi* ... ... ... ... (B) 

Again doing the same thing for n we have Q|B, = P«* ••• (C) 

On a simple inspection of the resnlts (A), (B;, (C), it will be found 
that the orthopolar ednio in question is ciVeumecrihed to the triangle 
formed by 

cos B— / cos c) (iff' cos c— y' cos B), 

;ff=C08 c (yff'+Z cos A) (>ff' cos A + /), 
y =co8 B (iff' + y' cos A) Off' oos A + /), 
and two other points whose coordinates can easily be written down from 
cyclic symmetry. 


The same is inscribed in llie triangle formed by 
a=— { a'*(cos* n+cob’C) + a'>ff'oo3 0 (l + oos* B) 

+ ay oos B ( 1 +co 3 *C) + 2 >ff'y'oos B oos 0 ) • 

^ = a'*co8C(l + co8*A) + a'>ff'(oos*A-fcos»C) 

-a'/ cos A (1+008* 0)-2iff y cosCoosA 

y = a'* 008 B (l+cos* A)-a'>ff'.oos A (l + oos* B) 

+ 0 '/ (cos* A+cos* B)-2 iff'y' oos A oos B, 

and two other pointa whose coordiaates can easily bo written down 
from cyclic symmetry. 

The three former set of points can easily bo recognized to be the 
orthopoles K.U M of AP. BP. CP respeotiroly. And the joins of the 
three latter set of points are the chorda of mtersoction of the pedal 
circle of P with the oircloa on AP, BP, CP os diqmoWrs, 
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Let 08 now consider the theorem proper. 

Let x,^,z be the normal coordinates of the focus of an inconic 
whose axis major passes through P(a',/S',y'). 

The equation of the major axis is 

=") +/?y(s* -**} +y;(a;^ — y*) = 0. 

If this passes throogh we hare 

(D) 

The equation] of theiaaiiliarylcircle, vis. the pedal oirole, of (ai.t/.s) is 
sin A. Lijz sin A. Lx sin A. 

= ^a sin A. laj: sin B sin C (y+r cos A) (y cos A+c) 

Arranging this in terras of and powers, we hare 

‘*^(y’+=’) + 6i/(2^+ar) + «(x»+y'')+ft xy==0 (E) 

where a, b, c denote the circles on BC, CA, AB as diameter.s 

=^y + y« C 08 c + a/? cos B— a’cos A 
6 =/?y cosC+ya + a^ cos|A-/?*cos B 
c =/fy cos B+ya cos A + a^-.y> cos C 
* ='^^/9y cos B cos C-i:a’(l+cos*A). 

Now let i(y — ^ z(x-— y*j=n, the relation (D) 

M^Qtu68 thd form ^ ' 

la'-i-mj3'-t-ny'=0 

and with the aid of Lemma I, the relation (E) becomes 

No»- (Q) ,3 lb„ uniiliary oirole of tho inoonio whoso axis m»i„r is 

/a -f ;/»/?+ ny=0. 

Transforming (G) with tho aid of (P), wo have 

(my’. a’i-yt) 

• It » ^ ► y • rienv^i deoutio^ this hv A . i* 

oirole becomea after - iiuxiliary 


(F) 


Imn a'9+Xq_o 


■^Uiary oirole mo, bo wrilloo i„ Ibo form 

... (J) 

Now (he relation J slicws fh-.f *l.« • t 

with (he anxiliary circle And r q and () uro coax«l 

il-odiroolor circle of fbo incooio too:^"!; a+m' 
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This proves the 6rst part of the general Ihcoreiu ( f ihis jnj cr, «s 
that tlie three circles are coaxal. Now, it remains to prove the second 
part. ifz. ilio common radical axis envelopes the orthopolar conic ot 

/?' y). 


Theorem II. — The radical axis of G and is foond loibo 

g,niH gs«’) 

+ y(rii’ + rjm* + r,n’) =0... ... ... (M*) 


where 


Pi 


sin A ^ 


a' sin B sin C ij3'+y' coslA) (B' cos A + y^) 


—cos A sin A. So,' sin A } 
— sin C (>5'4-y* i'-'os A) (/!’ cos A+y') 
p.^a'y' sin B (JJ' + y' cos A) (/S' cos A+y') } 
and symmetrical valoes for q and r. 


We have now to Bod the envelope of M subject to the condition 
la’+ nt + The enveloj>e is easily seen to be of the form 

BCci' SID A+CA/?^ sin B+A13 sin C^O, ••• C^) 


where 

Btn A 

=a>.,+/?g,+y/. 

Sin l5 

^^,^0-Pi+/iqs+y>'s- ■ 

bin U 

The relation (N) >he\vslthat the envelope which is evidently a conic 
is cii cumsci’ibcil to the triangle formed by the three stinitiht lines A, B, 
C. And on tindiug the normal coordinates of the vertices of the triangle 
to. uied by A. B, C they are easily found to be the/m-».«r set of points 
io Leiurua iV« 

Hence tlic whole (liecr«“» proved.' 
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Euclid’s Book on Divisions of Figures. • 

EacUd, ifc is now well known, was the aallior of no less than nine 
works. Poor of these — the tlie P-ffa, the O^ti'cf, and tho 

Phenomena, have been caiefnllj pre.^erved an<1 are well known, even to 
the extent that the first, {>‘'rha|>s, is in the han'ls of schoolgirl. 

On (ho fiftli, the P'lrigms, there is an elnboralo coiiimcnf ary of Pappus 
while in tlie case of the PscuJaria, the N-ir/’oc; hci and the Con’cs how’ 
ever, our fragmootary knowledge, d.'rived wholly from Gieek sources, 
enables as to make a conjecture of the vaguest nature, as to tiieir possi- 
ble contents, Of the ninth book, 0*/ Pivi$toti (oj jl^ures'), nothing however 
was known till about the middle of tlie last century ; nor, curiously 
enough, is there any trace of it, in the eit.ant Greek sources of mathe- 
matics, except perhaps a casual mention by Proclus. But it is however 
certain, that tho Problems of this book, thirty-si.x in number, concerned 
mainly with the division of rectilinear figures and the circle into a certain 
number of ‘ like ' and • unlike ’ parts by straight lines, was very popu- 
lar among .\rahians. as well as in Europe. This popularity was perhaps 
largely due to the possible practical applications of the problems in tho 
division of parcels of lands of various shapes, the areas of which 
according to the Rbind papyrus, were discussed in empirical fashion 
aboQt ISt-OB. C. Indeed, in the first century K-fore Christ, we find 
that Heron of Alexandria, dealt with the division of surfaces and 

actlVr t OS’-reyfay) .hough notin tho 

definite form wa.s known until Woepeke, whose name i,s so famitar to 
every oriental researcher, discovered at (he BiWmtV owe \a(iouale in 
Pans a treatise in Arabic on tho division of piano figure^ wlii.-h ho tran 

are passed over ns being too e a sv t/l, at ' m ® ^^'Orenis, 

the «a.ho..„,ip 

office of a ‘ translator '. Such a tho unassuming 

ricat interest as for its technical imn ’ h'sto- 

=<m.d,if for no other rea,o„, „t a 

author. Prof. Heiberg gives an ^ of oiir regard fro the 

publication. Opera Omnia, while Sir '17^ ° ^ 

aothorit, oo'eVee Me htraMe, fo.ot„o.,t living 




edition of the /fa Biilta7iica. Under these circumstanoes, 

Dr. R. H. ArchibflUl of Proridence, Hhodo Island, has done a lasting 
service to the Englisli render in restoring in the English language this 
^ong buried treasure ; and the suholarlj way in which he has done his 
task is ]>roved by tlie readiness with which the publication of the book 
was ondertaken by the Cambridge University Press. 

To follow in historical sequence bow this treatise came to be 
unearthed or to dismiss the myth of Dec’s making a copy of any Cotto* 
nian MSS earlier than 1563, is not our purpose in this articlei'tbe 
interested reader must be referred to the learned disenssion in 
Archibald’s hook itself. But it most be noticed to what extent 
SVoepeke’s translation referred to above, is in agreement with and is 
supplemented by the writings of L'.onnrdrt Pisano {Fibonaci), who 
occupies such an important place in the history of Mathematics of the 
13th centory. It is well known tliat in 1220 he wrote his ^Practica 
Gcotiufnac, a book largely used by the Matliematicians of the middle 
ages, published nearly OhO.years after its compilation by Prince Bon- 
compagni,and still preserved in MS in the Vatican library. Section IVof 
this book is wholly devoted to the enunciation and proof and numerical 
illustration of propositions concerning the division of Ogures. No less 
than twenty-two of Woepeke’s propositions ore practically identical in 
statement with propositions in Leonardo ; the solutions of eiglit more of 
Woepeke are either given or are clearly indicated by Leonardo, and 
all the six of the remaining Woepeke’s are assumed as known in (he 
book of Leonardo. Indeed the two works have a remarkable similarity. 
Not only are practically all of Woepeke’s theorems in Leonardo, but 
proofs called for by the order of the theorems and by the anxiliary 
propositions are invariably (ho kind of proofs which Euclid might have 
g^yen—no other propositions than those which had gone before or which 
were to be found in tho Elemtnfs being regarded in (ho successive con- 
structions. 

In this treatise of Euclid, the figures divided are the triangle, the 
parallelogram, the trapezium, the quadrilateral, tho circle and a figure 
formed by the arc of a circle and two lines ; and the division is by 
transversals through assigned points or parallel to given lines into two 
or several parts in a given ratio, equality included. It is diflScult to 
choose from this interesting collection but the three fallowing are 
specially instructive, aud .suggest gcnerolisalions. Thus Steiner solved 
in 1827 how through a jifcH point on a spher-i to draw are of a great cireh- 
cutting two givtn great ci'Cles sueh that the intercepted area xs equal to 
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given area; aod Bobillier solved: to draw by me.tns of pla%cs and epheT^.s 
only, a giv*n line itt'a plane which shall cut off from a given cone 
of revolution a required volume. The three theorems roferre<l to above 
are given os propositions 27, 23 and 29 by Woepeke and are extraele«l 
below : 


Proposition 27. 

To cut off a certain fraction of a tntngleby ,i stra-ghl lint drawn from 
a given point situated outside of the triangle: 

Let ABC be the given triangle and D, the given point oolside. 
It 1 ft reqriired to cat off from the triaaglo a certain fraction, say a thin! 
by a line throngh D. Join AD catting BC in E. If either tiE or KC 
be A third of BC, then the line AD cuts off the reqoired fraoiioo from 
the giren triangle. If it is not, produce AB and AC to meet in F and 

DO*rH-ri/ApPR^^T D parallel to BC. Make area 

DG CH_| area AC CB and apply to the line CH, a rectangle equal to 
the rectangle GC’CH, but exceeded by a square. Then ^ 

gcch=hkkc 


K 


B 


/ \ 

K 

•\ 

M 

I 

3 

' catting BC in 

M. 


Proof. 

and therefore 

it follows that 

Bat 

Uence 
i.f. 

Bn I area 


For since 


area QC.CH = area CK KH 

QC;CK==KH: HC. 
GK;CK = CK:CH, 

QK : KC=DG :CM. 

DO CM=CK : CH 
CK CMsCU DO. 

DG CH = J- area AC*CB 


since A KCM : AACB^CK CM • CA Cn T 7 

AacB. CACB, It follows that AKCM = i 

straight line drai^Trom ag^ver a 

duoed, Po«nt on a aide of the triangle pro 


Q.E.P. 
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Proposition 28. 

« 

To divide i-to lico equnl parts a fiiven Jijurc hm^tded hy an arc of a 
circle un'i by two slraiyhl lines ichich f rm a ytt 'n tmijle. 

Let ABC bo 'he given figure boiin'ie.'l bj tho arc BC and two lines 
AB and AC whiclj include the angle BAG. It is required to divide by 
means of a straight line the figure ABC into two equal parts. 

Construction. Bisect the line BC at M, and erect MZ perpendicolar 
to BC join MA. If AMZ are in a line, obvionslj the Ggnre is divided 
into t.vo equal ports by AZ. If nut; join AZ, and through M draw 
a line parallel to AZ catting AB at N ; and join NZ. 

Then NZ shall be the required line, and the figure BN'Z shall be 
equal in area to tho figure NACZ. 



Proof, Obviously, AABM=AAC.'r 


and 

Hence 

Bui 

Therefore, 


fignro BMZ = figure CMZ. 
figure ABZM - figure ACZM. 
AMAZ^ANAZ. 

figuro ACZN^=figure ACZ+ANAZ. 

= figure ACZ+AMAZ. 

— figure ACZM, 

— * the figure ABZC. 




•j 
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Proposition 29. 

" To draw in a 'jt Clin circle two parallel lime cutting off a certain 
fraction, $ag. a third, from the circle. 

Take the circle with centre O, anl inscribe in it the equilateral 
triangle ABC. Join AO and CO., and draw OD parallel to AC. Join 
CD. Bisect the arc AC at E and draw EP parallel to ('D. Then shall 
the figure EC DP be a third of the given circle. Join AD. 



Proof. Since AC and OD are parallel, 

AAC0 = AACD ; 

Again, since KP and Cl) arc parallel, 

arc I)P = arc EC 

Add are ED to these. AE. 

arc AD^urc EP, 

‘^“'1 AD =chord EF ; 

M-gmeut ALD=segment ECDP 
lake away the common segment CD, 

““d KCDP = iigiu-c AECD = -t of 1 

‘w was required to be >howu. 0 iho circle. 


=scotor 


method i, also avadable. when tho Trl C 

Archibald 1 adons to add in a footnote thart.T 

busccpiible of .elation with ruler and com r Ml M 

anu compares., n such a ca.o as when a 



‘ certaia fraction ” l/», is one-seventh. In tact the only oases in which 
the problem is possible, for a fraction of this kind, is when n is of the 

form 

where p, and «'s (all different), are positive integers or rero, 
and 2^"'“+l(m = I, 2,.. .m) is a prime number. 

It is nol wonder that snob interesting theorems were considered 
independently or by suggestion by mathematicians, great and small- 
TLqs the problems 'I'o biicct, by a itraight line, an equilateral, but not 
equiangular heptagon ”, '' Thri.u<jh a pomt without a triangle to draw a line 
which will cut off a third ’* went as a challenge from L. F. (L. Ferari) to 
N. T (N. Tarlaglia). Ke]>ler, in his investigations of the path of a 
planet was led in 1G09 to the problem “ To divide the area of a semicircle 
iu a certain ratio by a straight line drawn through a given point oit the 
dianuter or cn the diameter produced ” and this was attacked among others 
by Wallis, Cassini, Lagrange and Laplace. Newton and Bernoolli, 
D’Alembert and li!aler,Uuyghen3 and L’Hospital attacked several of the 
problems that have been given in this treatise of Enolid. These theo* 
rems,or their immediate generalisations have also faeoiaated the readers 
of popular magazines : thus in 1814, in the Oeuilemen's JXary was solved 
“ within a given triangU to find thus, that if lines be drawn from it to cuj 
each side at right angles, the three parts into which the triangle thus 
becomes divided, shall obtain a given ratio while o century later in 1914- 
we find in the two most popular mathematical journals, the problem 
how “to divide a circle into two^cqual parts by means of an arc withtts 
centre on the circumference of the given circle ” (Q. 4327, L'lntermediafg 
des Alathematiciens) and “ to divide a square into fioj right angled triangles 
the areas of which shall bo in Arithmetic progression ” (Q. 17197 Educa- 
tional Times), Among Indians who interested themselves in such pro- 
blems, Dr. Archibald mentions the name of the late Mr. S. RadhakrUbna 
Aiyar of Pudukotab. 
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SHORT NOTES. 

On Legendre’s relation in Elliptic Functions. 

§1. The relation EK;'+E'K~KK'=^, 

A 

connecting the two kinds of complete Elliptic integrals was (ir.st given 
by Legendre in his rxerct$‘:$ de C'alcul, and several jirorfs of it are well 
known. [Cf. Dixon: 5 05 ; Greenhill : F^'ictioJis 

§121} Whittaker and Watson: ifnd^rn § 22'735, Appellci 

Laconr: Foucttois JClh'pliqucs, § 80; or Jacobi : Fmidnm’. nia Nova, p. 161]. 
Following however, tho proof (cf. Forsyth: Theory of Functions, § 12J or 
Henry: Fonclions Kllipliqucs, p. 53) of*the analogous relation in the 

Weierstrassian theory, viz, T),a»^— 7},u),=!^. we may proceed directly as 
follows. 

We assume of course tliat 


• tv 

E(«)=j dll* u df* 

and that the function dn m is a doubly periodic function of u with periods 

2K and 4.K'. that it is analytic except at the points congruent to 

fK and to 3, K' which arc simple polc.«?, tho residues thereat being 
and+i respectively. 

It follows that dn u = — i7m + 0(ti) at, u = ,K' 

dn* u=— l/«»+0(l) 

Whence we notice that E{e) ha, got a simi.lo pole with re.hloe 1 at „ = 
tK whwh IS the only pole in tho parallclogram'[-K, K, Kn-iiK'. 

-^‘K+2iK'J 


r 



Inlcgiating now h(u) along tlic ptirallelo-ram OAIJC, 
/aUCO X the sum of the residues 


wo havo 
27f r', 


8 
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J-K [E(»+2tK')-E(iO]*?'‘ 

-tJ^^'[E(-K4ii')-K(K+iw)]dt> =2Ttt 

*>., 2tVK'-E')du+ij^^'2 E du =2if* 

by the periodicity formula;, cf. Dixon ElUjptte FuucUont § 64. 

ie, 4i (E K'+E'K-K K0 = 2tii' 

which tsiablishes Legendre’s relation connecting] the two complete 
Elliptic Integrals. 

§ 2. In passing, it may also be noticed that the aboTe relation is 
only a special case of a more general resnlt in the theory of Abelian 
functions (Cf. Bakeri: ".Ihe/ioH Fu»ctiou$ pp. 197 -200): that between 
the modnlii of periodicity A', B',...of a function P (c) of the first kind 
(Normal function on a Riemann Surface) and A, B,«..of a function Q (*) 
of the second kind, all the infinities of a’bioh are simple, 



where o, is a"siinple polo of Q( 2 ) and H, its residue thereat. Legendre’s 

relation is of course ineludid in this: for, we know P(s)sF(s) in the 

notation of the Elliptic Functions 



[(l-r«)(l-fcV)] 



in the lower sheet, i in the upper for Z— co 

.nd Q(--)=is;=)=J- 

Tins is hiauite atc^oo in each sheet, and the residne ie +K in the 
uj>per and— K in the lower sheet, so that CdT ^ ^ 


Moreover A/ and B, are 4K and 2»K 

A, and B, are 4 K end respectively. 

lUnce substituting in the above wc have immediately 

•t E. 2»K'-4 K. 2?J(K'-E')— 4'n»=0, 


which leads to 


EK’+KE‘-KK' = w/ 2 . 

JC. B. iIlI>HAVA. 
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Astronomical Notes. 

Eclipse of the Sun. 

The third and last eclipse of (he year will occor on December 3. 
This will be an annalar eclipse of the sun. The central line runs from 
a point just in-side the west coast of Africa to a point in the Paoifio 
Ocean, crossing the Argentine Republic. The eclipse is partially visible 
over nearly the whole of South America and a considerable portion of 
Africa. The southern limit does not quite reach the South Pole. 

Nova Aquilae. 

The new star in Aquila was discovered by about a dozen different 
observers in England within a few hours of one another, and also by 
numerous other observers indifferent parts of the world. 


Both as Mgards magnitude and changes in its spectrum, it seems to 

hare followed prettyolose the changes observed in other novae. Per. 
baps the most interesting point about it is that it appears to be identi- 
cal with a star which has been photographed several times during the 

last quarter of a century, the magnitude of which appears to have 
the nova known as T Coronm. (which was also exceptional in that it did 

ZoTio:: " 

.ppeTred “ 


iwiw « .i.. ... 

New Troian Planet. 

has been discovered. This is the fifth h three bodies 

planets librate in the oljSbonrhoorof th^tH: 

ot the line joining the Sun and Jupiter and the^^t^ 

new discovery is one. librate about the apex oM^ 

on the opposite side of the Sun-Jupitop^line. ^ triangle 


J. PoCoCK. 
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SOLUTIONS. 

Question 68s. 

(S. MiiHARi Rau) : — H H Orel p arc anj Iwo posilire iotegers, show 

that the fractionlmay ho exj'rossed as the sum of a series of p different 

n 

fractions, the” naraerator of caclt of which is 1 and the denominator a 
positive integer. If the least of the fractions be («~1) !/(>»+?— 1) ! 
find the rth fraction. ' . 


Solution by Pro/. B. .Vzfrn a?if? N. Sanl-ara Aiyar if. A. 


The question is vague ; for, -can be resolved into the sum of p unit: 

numerator fractions in several ways. Thus, one way would be as 
follows : — 

w ^ ^ 

• •• (1) 


Wo easily see that •- 

n n{n + l) n-f-l 


• • « 


’ Py applying the same formolo to — 1 ^ -. the second fraction on the 
right, we have, 


1 


+ 


n+1 

1 


-i- 


1 


n ♦i(r»4-l) (n + l)(»i + ‘2) n + 2 


By repeating the same process wo ^.ct, 
11. 1 


. 4 * ^ * 4 * 

n n(M + l) (« + !)(” + 2) 


+ 


(»i+p-2) (»+p 
n + p — 1 




Another way is to .substitute in the first fraction on the right of 
(1), the value of l/» giren by (1). If (his is repeated p-1 times wo get 

ultimately 

n“ (^1)^’ + i' 

A third way is as follows:— In (1) apply the same formula 

in the first fraction on the right. Wo get 

1 _ 1 , 1 + 1 . 

n n (»»+l) ("H -) «(» + 2) « + l 



By applying the process altogollier p^\ titnosji^e get 

, .. 1 

»i « (n+l)...(»j + />— 1) n (M+ />— 3 ) 

1 


n (iJ + 1). ..(« + /' — 4) n + p — 2) 

I 1 r 1 1 

= pi ~ 1 H 

- L|»/+/»— I + /r— 1) 


h(h + 2) n + l 


. _ J , . i 1 

h+p — 4 (h + p— 2) |»i — l(«+l)J 


The fraction on the right is evidently ^ 

(-i + p — /--j- 1) 

the least being Uie (it-.st. 

This is perhaps what the proposer seeks by the second part of his 
qaestioD. 


Question 954. 

(K. B. Madiiays) : — When asked Ids age Do Morgan once 
homorously observed: “ I nni one of those whose age shall be in a 
certain year bdonging to the centnry of iheir birth the square root of 
that year. “ For being born in 1800 A. D.. ho was 43 veara old in 1 849 
and 1849 = 43. Show (hat the same observation will' be true in the 
case of those born in 9 particular years in ail subsequent centmiee. 

S lutiou bij N. D. Milra, K. J. S<injana anj H. D Kane. 

It wouW appear that the figure 9 in (lie last lino of the question 
18 wrong. Ihe problem may ho .solved thus :_Let * ho the year of 
birth, y the ace at which the year is .«quaro of the ago. Then we Lave 
to solve the indeterminate equation = y in non-zeio positive 
integers subject to the conditions (1) that j:> 190'.. and (2) that y + 
Le«t positive rosidae o: modulus 100>.100 this residue itself be^ng 

^low.^ ^ •«: and y which are exhibited 

* = 2450 ; 330fi ; 3422 ; 3540 ; 3906 ; 4032 ; 4422 ; 4830 ; 5112 - 

KQ sn 5402; GOCC ; 6320; 6806; 7310 ': 6010. 

y 50 ; 58 : 59 ; GO ; 63 ; 64 ; 67 ; 70 : 72 ; "4 ; 78 ; 80 ; 83 . 86 ; 90 

sichrLun'r wf, ® "■= <>' 

’o?2 ' ' **2 ; EG ; 72; 90 ; HQ ; 132 • 156 . 

. 3 , 4 ; 6 ; C ; , ; 8 ; 9 ; 10 ; U ; 12 . ]3 ; 14 . ,5 . 15 , 

.=690 . 702 ; 736 . 8.2 . 870 . 9M i ,‘,22 ' 

1332 ; 14C6; loCO ; 1(J40 ; 1722 • 1806 <T\a \f ’ » 

. = 26 ; 27 , 28 . 29 . 30 , 3. . 33 . 34 36 37?3‘8°!l9 


552 ; 
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Question 831. 

iKiiqaircr) Find, by elementary metbodfl> the invariant rulalion 
expr. ssing the condition tlmt hexagon!) maybe inscribed in the conic 
S iO wliicli arc al-o circumsciibed to the conic S'=0. 

If a hexagon ABCDEP circntnscribes a conic S and is inscribed in 
S , tlion the Brianchon point of the l*ascal line of the hexagon are 
pole and polar. 


Solution l-p A. C. L. iniArinwn. 

Projecting S' into a circle with the Brianchon point as centre we 
have hexagons inscribed in 8 '=*’+;^*— c *=:0 and circamscribed to 

s= ?!-+?l-i=0. 


a 


b' 


To find the relation between n, b, c consider that hexagon ABCDEF 
of which A and D lie on the minor axis of the ellipse and BC, £F toaoh 
the ellipse at the extremities of the major axis. 

Let AB toQch the ellipse at (a cos a, b sin/S) then A is^O, ^ 

\ sina / 


and B Is b tan.^^ . 


2a 


Henco c*ssa*+ 6 * tan — = 6 * cosec’a 

2 

giving («:* — «*+ b’)*s4c*(c*~n*) 

or 3c<-2cV+6*)-(‘**+f'*)*+4«*6*=0 ... 


... ( 1 ) 


Abo e = _^i>.+b.+c.,, A-=-e- 

write p = ^ =a'+h' + c’, 5 =:^a* 6 * + aV+ 6 V, r = ^ = a’ 6 *c*. 


Then o’, 6 *, c’ are the roots of 

x' — pai’+gz — »* = 0 


and from ( 1 ) 
or 


4r 


3 *’— 2 r (^*- z )— (^— *)*+— =0 

4r'—p‘x+4i=0. 


Write 2^ for p, so that***— 2pz*+g*— »-=0, »*— p*j»+r=0 ; 
whence 

2*’— 2p*+g— i)*=0 and 2/a*— (p*+g)*+2r :=0 ; 
which gives 

{ + > (i>*-9)+2 { p*-pq+tr } *= 0 , 

or (3p*+ q)(y — g)*+ 12 pr(^*— g) + 8 /^ = 0 , 
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ll*Doe tbe iDTariant relation is 

(30*+4A9')(0*-4A0')*+960A*A'(9*-4Ae) + 512A'‘A<=O 

This will ba foand to agree with | g’ p | =0 of Salmon after re- 

moTing the factor 0*— 4A0', and is easily identified with IJalplien’s for n 
which id 

4(0’-4A00'4-8A*A')*+4(0’-4A00'+8A’A').8A*A'-(0*_4A0')*=O. 


Question 844 . 

(A. A. KfiisHNAswAuiBNGAR, u. A.) Shew that the locus of the centre 
of the conic of minimum eccentricity having contact of the third order 
with the conic A**+By' = l,*ha 3 for its eqaation (**+y*)Y'(Ax*+By*) 

=(A^-BO (^-^) 

Solution (1) by N. B. Mtlra, Hemraj, and S. V. Venkatachala Aiyar ; 

(2) by F. H. V. Gulaeekharam. 

(1) The equation giving the eccentricity of the general conic in 
rectangular coordinates is -** _ (g+f> )* . 

If .<l,e will be U».t wbo. U least eiace la this case 

diminishes continually with e. 

Now the conio having four pointic contact with Az*4-By' = ] (U 

at the point W U, 

^ V yA ’ ^B equation 

A*»+Bt/>-l_\(yA*co3 0+yBysio9-l)>=o ... ^2) 

The eccentricity of this is least when ' ^ 

. + B( 1 j . 

/ A4. n V/ i ,n sin*0)-_AB Sin*0 co;>0 

or .l A+n-MA ^ s^Bsin* 0 )> i (Acos* 0 +Bsin' 0 i* 

AB(l_\) 

A 8in*04.B cos'0 


Ah{l^ 


{ 


+i 


is least cr patting p = A sia'S+B ™ ^ 

P * *J = Acos-0+Bsia’e, „hca 




d’ ( > 

AB) XV 


least i.c, when I — \_£ 

1 


orX = (A -B) c os 29 

? 


( 3 ). 
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The centre of (2) is given by A (1 -\ cos’0)x— \VaB cos9sia0y 
4-\VA cos 9=0. 

XVaB cos 0 sin — \ sin*0)y+\-\/B sin*0=O. 

i.e. byXcos 0(VA4: cosO + yBy sin0 — 1) = \/A.a5...(4). 
and Xsin0(\/Aj; cos A+\/By .sin 0— 1) = \/B.y...(5). 

Maltiplying (4) by cos 0 & (5) by sin 9 and adding 

X(\/ A® cos 0 + yBy sin 0— l)=-\/A» cos 0+ 


or yAx cos 0+ \/By ■siD0=- ^ . ALS^l^from (3) 

X— I p 

also from (4) and ( 5 )^ = ^ 


... (6) 


cos 0= — I sin 0 


k A* 

AB(x*+y*) 
A" - 


and p — 


from (6) A.-+ A)(A.r.-^) „ (;r>+j,-)V{Ar:'+By') 

^ ' k AB (x’+y*) 

[Seej Wolstenholme, Kx. 1209, p. 202.] 

• 

(2) 'Ibe equation to the conic having contact of tho third order 
with Ax*+By* = l at any point P (xj, y,) on it is 

A**+By’— 1— A(Aa-x, + Byyi— 1)*=0 ... ... (1) 

The coordinates (*, y) of The centre Q of this conic are given by. 
the equations, 


± = X=A:(Aix, + Byy,-l) 

X say ••• ... 

Then since (/,, yj) is a point on llie given conic, 

X» = A«’+By’ 

I X 

Bnd 4 - 


»•* 


( 2 ) 


ree 


... (3) 


Also from (2), it is clear that the centre of tho couio (1) lies on the 
diameter Through P of tho given conic. 

Again from Bx. 6 Chap XI, C. Smith’s Conic Seotiona. (Revised 
Edition), " Of all conics whicli have a third order contact with a given 
conio at a givtn point on it, the one of least eccentricity will bo that » 
which one of the cqui conjagato dinci.)lrcs passes tlirongb that point. 
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Benod if r„ r, b® the eemi~axes of the conic (1), 

2PQ*=r,*+v; 

; jAB(l— ft) 

(Use the eqoation to determioe the length of the axes of a 
central conic given hj the general equation of the second degree.) 

Now substituting for y, and ft from (2) and (3). the above 
eqQAtton becomes. 




(»Hy*)^ 


A-f.Tt— AV+By 


X(X-l) . 
AB 


fX-1)* 

which, when simpUhed and A^+By^ is written for X', reduces to 
giring che equation of the locus required. 


vuesiion 84S. 

= .in crx [, ,i„ B-=C-„ ,i„ aZTITj. ‘ 

Solulio^ 6y S. V. V.nkalach.la Ai,jar. 

Uco, 2 B+cos 2 C 2 CO. 2 A. U ia easy aho„ .ha. 


/T> ^ anow that 

i»*+c*«s2o*,iJ5_S^^)___9ft sin (B— Cl 

"^-A) •• 


• • • 


(I) 


From the last two relations of f 11 it fnii . 

- A^C6 si^_„ ratio 

So wo have to show * 

-fc’+a»: 2c>+«», 

“y* + Vied* m jry s 0 
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witlj the conditions be cos A tt+ca cos Bc+ob cos C u»=:0 
and M-|- i; 4 - u’=0, 

from which we have — 

b*—c* c—(i' ar—b 

Hence the eqantion uf the rectangular hyperbola takes the form 
(b’— (c’ — a-) :x-f (a’— 1-) xy =0. 

A is (1, 0, 0) and tlie tangent theroat'is (o*— b*) y+(c*— a'*) 2=0 ; 
t'.e. y+ 2=0 from the, first relation of (1). 

And any line through A is i’;=0. 

Hence the equation of a conic having a contact of the 2nd order ht 
A withithe hyperbola is 

. 2 (b’— c'O J /2 4 2 (f’— a*) ra: + 2 (a® -b’) xy + (y + :) i^y-^vz) =0 
It represents a circle if 

p. 4 - 0 — 2 (fe'— ft t-i v)_ w— 2(c’— 9 (o’— b’) 

_ * -- - c* 

which gives 

= 2 (a--i,0-2-i’(l-’-c’) =.-£ C6>-c>)] 

' (V tt’ 

=4(c’-<-’)(2c-+»’) 

a- 

and 0 = 2 (c’-a’)-2iV-c’) = 4T(«'-bO a—h' (b’-c’)] 

a* « 

= b’) (2b*+o*) from (1) 

/I* 

I'/fL =(. b’4o’>/{2t:- + «*J- 

Now the equation of the cliord of curvature is evidently fty+w=>0 
and it divide! CB in the ratio — ^ i.c.— i.c. (2 b’+a’)/(2 Hence 

2 H 

the result. 


QuestUn 1?62. 

(Communicated by Mr. Hem Haj) ; — ^^nglcs A, B, C of a triangle 
arc trif^ecte.l by AQ. All ; BK, BP; CP. CQ. .'^bcw that the triangle 
PQR i-* U'piilaiera'. 

i^o/ultnn (1) by F II- 1 • (.lubis.haraw, II. II. htipadia. Sudanaml, 

K. ix. U'lma hj' •, {iyjjy llx-'xfoj nwl *S. V. ]’-.tikal‘ cKa'a vl»t/or. 

A 11 A C C 

(1) L-t P, II l)u sncblU.at;<.’BP= PCB=*3J. QOA 

A A A A B 

CAQ=3-» U.\B=-5-» 11BA=^‘ 
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Also 


Let BR, CQ meet at D ; CP, AR meet at R, an«1 AQ, BP meet at F. 
Hence P is the inconiro of the A UBC 

BP = u sin^ co.sec J 

= co,o.(gO-^) 

a = 2U sinA=^sin A/3 sin ( C0+ sin (^GO-A ) 
BPs^siniLsin^sin (60+ A/3). 

* 0.5 

Similarly BR = Lsm'^ sin^sin (GO+C/3) 

+ bm»(60 + ^)_2cos^sin(60 + :^)sin(60 + ^) j 

|R» 

= -^ Kn* (A/3) sin* (B/3) sin* (C/3). 

PR=^R.sin^.Mn'isin^. 

Similarly RQ = QP=3 |r sin A/3 sin B/3 sin C/3. 

Hence thr ln,in,fh PQR is equilateral. 

Wo can similarly show that the A DBF is also equilateral. 

(2) A=3\,B=3fi,C = 3t'. InAAQR,' 

_c8[n^/A sin(\ + t*) 
sin^ AQ sin(\ + ^) 6 sin iT 

_fiin Zv sin jA sin(\ 4 -j/) 
sin 3^ Mn V.HiD(X + p.j 
^ (3-4 8in’t/)sin(60^-^ )^flin (CO°+i/) 
(3-4siuy)sin^OO‘>-t»j sin (GO^+IT) 

There ori.se three ca<os 
(a) a=GO‘*+v./?-GO^+ix 

(c) 8ioa=A., sin ( 600 + 1 .), (60% n.) 

It IS easy to show tl.at (e) is also inaGniissible, a.s 

« _8in 3 


sin ( 60 ®+ i/) sin (60“+a) 
- _ QR 


and - AQ _ QR , 

Bin a' sin 3' si^X 



4iO 

Now a+/? + \ = 180 ® and 60 ‘‘+t'+ 60 +u. + \= 180 ®itfoUow 8 that 

®’+> 5 ' + \^= 160 ® anlesa Ai = l 

Hence (a) is the only admissible, solnlion. 

tt=60‘'+t/. /?=60‘’+;i..r=60“+\ 

ZRPQ=360“-ZBPC-a_;fl=G0‘‘=^PRQ = ZPQR 

PQR is equilateral. 


Question 913. 

(Peop. K. J. Sanjana) If the expansion of (seo a!+tan ®) is wrilien 
in the form 




proTe that 


S„=2"+’ I/w’'+* 

where I=J (log seo «)" (^ 2 + 1) f (log cosech *)7co8b * d», 

0 Rin X J 


according as n is odd or eTen and 6=log(V2+l). 

Solution’Jiiy Hemraj, S. i^rtnt’vosan, 8. li. Banyanathan, 0. Kri$hnamaehary, 
n. B. Kapadia, A. K. Krishna^voami Iyer, and 3/. K. Keu-alramani. 

Prom Chap. XVII. Hobson’s Trignometry, or Arts. 573, 574: Biff. 
Cal. by Edwards, we have 


where 


sec a+tan xs=l+S, ■^'*'8*^+8,^+ ... 


Hence we have to show that 


o 

9 
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Question 919 

(C. KfirSHMiMACHABT) : — ProvH that 

■■■ =72 '°s ‘* + 

Solution (1) fcy K. J. Sonjana and B. R. Kaoalia ; (2) hy S. R. Ran$ 
yanathan, R. Srinivasan and G A. Kamtehar, (3) B>imraj, 

Sadanand and N. B. Milra, 


Let 


3 5^7 ■'* ' 

tbe.^ 

dz 


is the som of two O.P.’s. Finding their sums and integrating we shall 
be able to evalnate S. The following ie a trigonometrical method. 

In Gregory's eeriee change a: to x^/^ and mnltiply by y/i i we get 

V.Un-W0=.(.44-...) + (^4+^=...) 

= iS,+S,, suppose. 

Then S=S,~S,, and we have thoe to separate yJi tan-* gy/i iato 
real and imaginary parts. Taking + Vis(l +1^:2, we have 

W--(v-2+V2^ 

by the Qsnal procednro. This gives at once 


whence 


^ - log * + *V2+** 

2V2 C !+«>/ 2V2 ® rraV2+»** 


We also get 

S,+S.= ';l tan-?Vl 

V2 l-a** 



•0 that 
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( 2 ) 

We have for 


**■3 6 7^5^11 


<'<-2 


ftxt 


{Biomuich: Art. 90 Ex. *i). 

e**— I +^t log (sec x+tao 

O d 4 

Equating the imaginary parts, we have, 

ein a:-^“ log (sec x+tan x) 

o 5 

Patting * = ^t 
we get, 

1 -5-i+i+i- = -V21og(V2+l) 

=Y2'°e(V2+i) 

(3) Ii follows from tan -’(cos 0 + t sin 0) or ^ 


that if.0<z< ^ Bin z— J ain 3z-f- J sin 5x—i sin 7z+ 


a ft» 


= ;\ log (sec z+tan z) 


Patting z=— we have the result. 

4 


Questions 9 i 9 t & 968. 

919. (C. KRiSHNAUiCHAisY) Prove that 

l_l_l+l+i-J_--i. + =_L log(H-V 2 ) 
3 5^7^9 11 13 V2 ^ 

968- (V. Anantaramas) : — Snm the series 


i-41— .- 

3 7^11 15 19 


Ui... 


SolattoM (i) by T, II. V. Qtdaavhharani, A . G. Leathcf and 
8. Muthukri$hna» ; (ii) i, 8. Vaidyanathan and M. K. Kvtoahamani. 
(i) We have on page 303, Hobson’s Plane Tngonoindi'y, the formultv 
log (2 00 s J 0) =co3 0 -- 1 cos 2 0+ J cos 3 0 — ] oos 4 0 f ... i 

write 0=-T' 
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Then rcDiombcriDg that * 






we dcdace 


l-J-5+7+g-n-^+-=^'»s(l+Vii)— 

Again, wo have the formola 

i 0 =sin Q—k sin 2 0+ •- sin 3 0—} sin 4 0+ 


( 1 ) 


write 0s 


TT 


Then remembering 


we deduce lhat 

1 1 


TT 


= 1 


3 5 7^ 




1+-— i— l+i-t-i-— ^ 

3 5 7^9^11 13 
Hence subtracting (1) from (2) and dividing the result by 2. 

1 lf«a W • 


(2J 


3 7''‘U l5+l^ ■••”4^~2'^ 

(ii) Consider the eqaalitj, 

^ ^ f - ^ ^ j- .. - I" *"■* 


a 


<i + 6 a + 26 a+36 


t,>0) 


S’'"" ‘ BOt ‘h, .„m of not 

only (he above series, bat also of many others of its type. 

The given series corresponds to the values a = 3 and 6 = 4. 

Hence S = f 

J «i + n* 


t.t. s 


'-*v^+i'r 


1 


o'^2Vi 


1 


-- r- loj 

4V2 *’ 


1 


= ' flog 

4V2 L i^+(rV2+lJ _ 

[tan-»(*V2_|.l)+tan->(*y2-l) J 

^ + 2Vl [^**'^‘'(V5+l) + tan->(V2-l) 1 


2 + V2 


^ log 


. Vi-l 


+ 


-rr 


^V2 V2+1 4V^ 


-n 1 


iV2~2v5 ‘“K<V2+1) 
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Question 931. 

(H. B* Kapasia) :'~Pro7e that the infinite prednot 


(1+0 (1+ 3*”) (1+ *^) 


«»• 




_-L yj (cosh 'Tr*tt,+cos'Tr®>?r) 

H 


2 




or 


-—I — cosh 5?rf(oo3h ‘nxa,+oo$’n9^,). 

2 -V-" 


aooording as n is eren or odd, if a. /?. denote sin ~ and cos^ 

2n 2n 

tiyel/, where r is an odd namher. 

Solution hy Hemraj and if. K. Ketcalramani. 


Consider the equation ra+l=0; clearlj^ = oos.?^^^if+» 

h Ai 2 fi 

ein Hdiliw where />=0, 1,2 (2n— 1) 


2n 


».<. if r is oddsooB. i ain^— ^/S,+%a, 

2» 2f» 

If one root is u^, the other must be— the third ur^f end the fourth 
proTided n is even. Bat if n is odd, there are two roots ±1 odr* 

responding to ’?^and/o = »+ ; and the other (2ft-f-2) rootl 

can be dirided into fonrs. Also it is evident that if any other factor 
be equated to zero, the roots will depend on k and w*§ moat be the 


tn *'”* 

Hence 




ii (iir-i»-)=(-ir ![(«/»)’ 

p =0 ^ f"' 0 


^1 


n^j 


-IT (i-*Tv) = I' 0 -p^) 

p 


0 


.*» 1~|^ ±l according os n is oven or rodd 
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2«-l 



(cos ] TTz /?,|cosh 


i 

9 


<X, + 1 sin i TTX sinh \ -nx a,) 


n— 1 



(cos* \ -nx 0, cosh* > TTJr a,+ 3in* ■ -nx 0, sinh'i a,) 



(« eroo) 


or -cosh i (cos>; , 03 ,,., + 


[Noi;oc that oosh r corresponds =, 

. “ (A) is cos^j^, the other mast be cos^'u,^ J 

M Tr-c|a,.+ co8 71* or = 


(n odd) 
one fac- 


Thii 

TrigOQOntirj. 


n-^l 

coah \ Ttx ’j~j 

2^ (« — i; Or-f cos 7TX 0,) 


qaesLioti 
Q- 32 Ch. 


originally coosiructed 
XVII. 



GU aliAr. 


£c*. llobaon'i 


5 
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Question 924. 

(S. Malhaiu Rau.): — Complete the following pandiagonqual Beara. 


24 

a 

1 

\ 

1 

I 30 

1 

1 

1 


; j 

1 

1 

1 

1 


1 1 

1 


, 

1 

1 

7 


1 

1 

13 


Solution by It. J. Pocock ami Sa<lanand 
The numbers given may be written 

20+4. 25+5, 0+1. 5+2, 10+3. 

Consider the following squares A, B and C. If each number 
in A is multiplied by 5 and added to the corresponding nnmber in as 
we get the required pandingonal magic square C. 


A B 


■ 4 1 

0 

£ 

5 

1 

\ 

1 

1 1 

1 

4 3 

2 

1 


2 > 

5 

1 

' 4 

0 

1 

1 5 

4 

3 

2 1 

1 

4 

0 , 

1 

2 

5 1 

3 2 

1 

5 

4 

0 1 

2 

5 

I 

4 

2 

5 4 

3 

2 

1 

1 

5 

1 

4 

0 

2 1 

5 

4 

3 


C 


24 

1 3 

12 

26 

10 

n 

30 

9 

23 

2 

8 

1 22 

1 

15 

29 

r 

5 ‘ 

' 14 

28 

7 

1 

21 

27 

« 1 

25 

1 

4 

13 



Question 926. 


(S. R. Raxoanathan): — If AB, AC be two straight lines intersecting 
at r5ght*angles P„ l\lany two poiuts on the circle on A B as diameter 
and Q„ Q, the points of intersection of Pi A and P, A respectively 
with the circle on AC as diameter, show that P,P, and Q,Q.^ are at right 
angles to each other. 

Solution fcy R.J. Pocock', P.if.U. Bukoi\ Krtshnutnachary, R. Srinivasan 

K B. Mdilhuva, P.R, Vtukiitakriihuutyu. H^ tiiTaj <iuti niany others. 

In the circle APiPj B ^P.AB =^P,.P,B. 



AUo P,AB=:AQ,Qj since BA touches the circle ACQ,Q,. 

IM’.ti, + P.Q.Q, = B PiQ, =90“. 

Hence PjPj anii Qit^, arc at riglit angles. 

[An obvious e.^tension of the Question is the following ; 

“ Any u-o circles intersect at A and A P,Q,. A P,Q, arc dravvi, to cut 

on .**®^*** (Pi>Qj)> Shew that tlie angle between PiP» and 

is equal to the angle between the circles.”] 
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Questions 942 and 943. 


(Hbubaj) Show that if ^ be prime 



is an integer 
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943- (Heiiraj) If X be prime aod 

(a+l) (j; + 2) (j + n—l) 

=a="->+A, 

•hew (hat all ibe odd A’s except Aj are divisible n*. 

Solutivn and Bvmarlcs hy H. Br, 

WritiDg / (j:) for the given expression, we have 

f{-x) = i-x+l)(-x+2) (-x+n-1) 

= (*—1) (x-2). (d:_n+l) 

= (*— n+n— 1) (*— »-f n~2)...(a:— «+l) 

=f(x~>i) 

=/ (*)-'‘i/(*)+~r(«)- 

= f{x)-n { («-l) *”-*+(n-2jlA,a:''-*+ > +^... 

~f (*)-» C«-l) »"■*+«’ P (*), 

where F (x) is a polynomial in x with integral co>efficien(8« [Tbi^ 
follows frooillhe factlthai the A’s.'iipto A„-] are multi]>les of n.] 

/ W-/ (-*)=« c»-l) *'^’ + 0 (mod, a’). 

This being an identilj, we can cqoaie co-efficients of powers of x. 
We get 

A,=:^ n (n— 1) ; A(=A(= ■=A,|_j=0 (mod, n'). 

Note : I3y considering terms involving m* and «*, we get 

2 AA=n (n— ft) A*_, 

where k is odd and >3. This is easily proved. 

Iit }nark$ on Q 943 hy Mr. S. (J. Lisathar SI. Sit'phtn's Colleye, Z^e/A». 

TItis problem was set by me in the Punjab University M. A. Itxani. 
of this year in the following form - 

Hy coitsideriug the eqnatiun (j: — lK®”“2)...(i—j>+l) 

..lifw from tlu* of Qn. IV that, if^> be ii prime all the coefficients 

Cl, Cj,... are divisible by p, uml ihul the od<l coofficicufs C,.. C^.-.-aro 
divisible by p’. 

This was sot ns a rider to Newton’s relations botwoon the snms of 
tbfa powers of the roots and the coefficients of an algebraical C((Q&ttoo> 



440 


The reference to Qn. IV is to the theorem that : — 

If S, denote the sum of the r*'* powers of tho 6r.st 1) natural 
nombers, S„+,=:S,*. F(S,) and G (S,). where F and G are polj. 

Domials of degree (r — 1). 

Newton’s relations give 

/■c^— SiC^,+S,C,.,— )’-S^=0 ... ... (A) 

(*•=1. 2 ,..., ^-1) 

I. S„ S„ ...S, are all divisible by p (assnmed); therefore since r is 
prime top, C, is divisible by p. for all v.aluei of r 'from 1 to (p-1). 

II. If r is odd and < 3. S,. is divisible by p\ 

S,, ..S,_, are all divisible by p, 

and Cr-i, C^j • Ci are also all divisible by p, 

Thns every term of (A), except the first, is dividble by p\ Also r 
is prime to p. 

Hence 0, is divisible by p\ if r is odd and < 3 


Question 944. 

(Sai»anaj>(>) : — Prove the identity 

4Cx) + S.4'(-).^-S,r(x). 




where 13 the »"• Kulerian number and S,„_, is il.e »"■ “ 
oernotilliaQ** number. 

Deduce that log 2 = §L — - j.S» 

1 2M 3 ^2‘.2*^ 5 


prepared 


Sofulwn btj A. €■ L. Wilki 


nsou. 


Jn tho identity =1 + S,a-S, 

,* 4 .,-* 3:^^'6^ ••• 

whore S,, Sj,... are the “prepared Bfei-noulliana/' put ViL for ^ a 

r - vr And 

opoi-ate with both sides on 4 (x), we get ' 
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Z ! 4*j 

Put \ ^x andiwe have the resalt given. 

If we pnt log z and then put \ = 1, we get log 2 in the form 

given which is however a divergent series. 


Question 949. 

(C* KRjeUNAMACHiRy) With the usual notation for the numbers of 
Bernoulli and Eulerj show that 

2n = B.. 2’ (2’-l) (^j") -B, 2‘ (2‘-l) +B, 2‘ (2*-l) 

(2n + l) E„=B, 2*" (2*"-l) 


e?‘)* 




+ (-!)’■-> B.2*(i’-I)( 2 ’^^) +(-!)'* (2» + l). 

Solution hy A. 0 . L. WilkiHson. 

The first result is preyed in Edwards; Diff>:fenti<xl Calculus, second 
edition, p.502. It can also be proved as follows : 


( 2 ,.) 

whence subtrootiog 

or c-*= |l+r(-)"2»" (£1-1) j X + 

Equating the coefficients of wo obtain the first result. 
Again, in 


2c* 


:KBech a = l+l(— )'* B„ 


. 2 ” 


c«+i ■ ^ 

= x{i+i:^}, 

equating the coeffioienlr-of-«**^ on-bolh. side?, we obtain the second 


result. 
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QUESTIONS FOR SOLUTION 

984. (S. R. Ran'-jawtiIax) : — A prism has for H.s cross sec(ion|a 

qnft.!riUteral ABCD with B = 75‘’. 0 = 106" ami D =90® and A B 
= V'2BC. Show that a ray of liglit i incident on (lie face AB at the 

angle sin and emerf;iiig out after once hclng totally relleclcd 

wonld undergo a deviation af 90°. M being the coefficient of refraction 
of tJie substance of the prism. 

985. (M. K. Kewalbajiani) : — If A', B'. C' are points in the sidc.s 

of the tnangl-^ ABC, such that 

BA.': A'C=CB': B'A = AC': C'B = M: 1. 

bnd an expres-sjon for the radius of the circnmcircle of the triangle XYZ 
formed by the intersections of AA'. BB'. CC'. 

t>n : — At any point P of a curve eqoal 

arcs PQ, PR are measured in the same direction along the curve and 
along the parabola of closest contact. Prove that ultimately 

QR=(3 + i^''i^V-/)-^ 

987- (V. TtRLVbNKATAr EiAi!!) Show that 

.-In 

I sin 0(log cos 0),/0 = -i / 1 + 2 .2^ ,2.4.0 . 

•'o "C ^5^5 7^5.7,9^'" J ' 

of Bad) Complete the following magio squares 

• ^ 7 placing 8 other prime nambers id the vacant celU : 


7 

41 

71 j lisl 

1 

1 

73 

97 

1 

1 

|23 41 i 


of the equation 


990. (S 


C®i 4 ^ — 


when >1 if. even and greater than 1 . 


Hence deduce an expression for any fraction ( 1) as the sum of a 
series of r fractions 


+...i 
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991- (S. Naratanan) ABC is a triangle whose incentre is f and 

orthocentre U. If the incentre to the ex-medial triangle of AB 1 be 
K and KH bisected at L, prove tliat the nine-points centre of ABC is 
tlic middle point of LI. 

992. (S Naratan'an):— 'I'ho internal bi.seclors of the angles A, B,0 
of a triangle meet iho >i'les of the medial triangle DEb' at P, Q, R. 
Provo that tlie conic which tonches the'C sides at P, Q, R loaches also 
the principal Feceibach tangent of DBF. 

893 (CoMJHixiCAitD Uf Frok Uf.mraJ) From point P perpendi- 
cnlars PL, 7’M.PN are drawn to the sides of a triangle ABC. If Ali, 
BM, CN meet at a point Q. hnl the locus of P and prove that PQ 
passes through a 6xcd point. 

9)4;. (K. B. Maohava) : — Conduct the following game of Bridge 

with Hearts as trnrap.s in which A has to l^al and A and B together 
have to make 7 tricks. 


Hearts: Q. Diamonds: A ; 3 ; 2., 

Clubs : 7 ; 6. Spades : K ; 8. 


Hearts : 7 ; 6. | B 

Diamonds : J ; 9 ; 8. ^ 

Clubs : Q ; J : 9. 

Spades: None. A 

Hearts : A ; K ; 5. 
Clnbs : A ; 10 ; 8 ; 4. 


, Hearts : 9, 8. 

^ ' D'amouds : 10 ; 5. 
Clnbs : None. 

' Spades : Q ; 7 ; 6 i 5* 

Diamonis: K. 

Spades : None. 


996. (T. P. Triveoi- ^[.A., LL.B.) :— Prove that 



j«ti 3"^* 



(u-H)(»+ 2)(»+3) \ 

T***J 


996. (T. P. iRivenr, M A, LL. B.) Find the oonditijns that 
the conics 

2hxy + + 2/y -f- c = 0 

and 

2V*y-h 6V+2y'*-f.2/’y d-c' =0 
have one asymptote in common.. 

997 . (C. Kbibhnauacuart) : — A uniform chain in partly coiled on 
stable with one end jast carried over a smooth pulley at a height 2ft 
vertically above the cod, aud to this ond is attached a mass M. Diaonss 
the motion, shewing that the system will come to rest when 

the table provided its weight is nearly equal to that of a length ft of the 

obain. 
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Infinite Series and Arithmetical Functions- 

By Prop. P. Hallderq. 

{Cotichuh'il from p. 264, Vol. X) 

IV. Laguerre's Series — (continued.) 

17. Before proceeding with onr analysis of Lagoerre’s series, it 
will be well to examine on what fonndation? onr theory rests,) in order 
to distingnish between established and oonjectnred resalts. 

The following two theorems given by Bromwich {Infinite Series, 
p. 171, ex. 15), are of importance for oor parpose. 

1. If (x) decreases as » increases and 
and if is convei’gent (or divergent to+co), then 


n 


ti 


ir. If A„= ^ 6;„ 

h=l h=l 

and if 

Lt 


«-^x 




then 


provided that A„ is always positive, and that A„ lends to «• 
18. Pat now 


Thofi 


CO 

2 


... (18.1) 

»=1 




fO^) 

</ _ , ••• 

... (18.11) 



... (18.18) 


1 +x 


• 

» « 


... (18.2) 
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Also 


if 0<*<1, 


v„(x)— (z) = 

(l + *x...+x'-‘)(l+*+. 




• •• 


*•» 


(18.21) 


(18.22) 


Thos the necessary conditions for are satisfied, and we may 

apply Bromwich’s theorems to Lagaerre’s series. 

We have thus josfified to some extent fhe ose to which the series 
has already been put in the calcolation of asymptotic mean values of 
ai-ilhmelical functions. By far the most^diliicQU question, however— 
whether the asymptotic mean value really cannot be solved in 

this way. But we have a powerful instrument for its calculation, pro- 
vided its existence is utabltsh'.tl by other means, or astuuitj. 

In general, our result, obtained by the aid of Cesaro’s theorem, may 
be writtOD : ^ 


1 y +(*.) = y m 

n^:c n ' Zj (n) 


• • • 


(18.3) 


or 




CO 


1 - . 

J (18.4) 

/t = l ;. = 1 

2»vvM fh'j limit Lziets (or tauh toa:i)o>ultlu ferns <ouvcr,jts (or 
diverges to x). 

Wo will now consider some additional examples. 

19. Using the notation of (11-21), we have 


00 


VaiL). Vx" 

Zj n*-‘ 1— »’• 2-i ’ 2^ 

n = l » = 1 d: n 

Thus (18-4) gives 




(191) 


n 


CO 




n Zj 

= l (/ ; h 


n = l 


• •• 


(1911) 


provided the asymptotic mean value (which will in the following be 
denoted A. M, V.) on the left exists and the Dirichlot’s series oonvorgsf. 
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Similarly 

rc> 


CO 


S r^= I]-" S 

« = 1 n^l (} : n 

from which follows by (11'22), / (u), satisfying the condition (11*2) 


h=lilxk H=1 


provided the A. M. V. exists and the Dii iclilel’s series converges. 

The formulae (19T1), (19'21) may be re^mrJed as generali.sations of 
(13'24).— An inleresiiog |*roblcru wonM be to examine, whcllier iho 
A. it. V. and the series have the eatiie convergence abscissa. This may 
be considered as very probable. 

Using certain well-known formulae from the theory of Dirichlet’s 
series*, we have thus in all piobabilily : 

For / (n) =f (") : 

M 

1 t(*/) 


h=^ld: h 


• • • • 


(1912) 


For /(»)={(«): 


n 


h = lil:h 

For/ (»)-^ (»): 




• •• 


(1913) 


i V V L^) (^-^1 

n Zj Zj d*-^ ' 

;* = ld:/t 

For/(n)=(-l)"-‘; 

i 

//-I 


• •• 


(19-U) 


n 


h = ldih 


... (1915) 


For/ (»)==!: 


n 


h=ld:h 

“ Kiioycli>p6*4io ** Vul. C, p. 2(>S. 




... ( 19 ^^) 
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I y y CO -1-. 

U t, ts\ 

h^ld:h 


... (19 22) 


Of these, (1912), (1916), (19-22) are p:obablj valid for R (s)>l, 

(19-13), (19-U) for R (s)>2, (1915) for R (s)>0. Formola (19 16) 

is nothing else than (13'24). 


20. Let /(s) be anj analytic fonction, and thus 


/(_-)-/(0)=£./'(0)+^r'(0)+ 


• •• 


Then 


« .(»») » (d\ 

2 at ™, ( V 


u = l 

trum wbicii follows 


n 


'*=1 i/:n 


^2 

h = l d.h 

for a sufficiently small |zj, provided the A. M. V. exists. 


( 20 - 1 ) 


( 20 - 11 ) 


(20 12 ) 


In this way wo obtain, for instance 

u 

2"*^^ "* "■ (20-J3) 

ft = l fl: h 

when |c| < 1. 


For 5= -1, the last 


formula becomes 


n 

^22 ^ >°8 2 (20-13I) 

h = \ d:h 


Many more examples could 01 course be given, but would givo us 

DotD)Dg fondamentally new. 

U is further evident, that any other expansion of a function in the 
term of on in6Dite series will furnish similar results. To go into details 
would carry us to far. The following examples must suffice. 

formula (7,31), for instance, gives 


IVi V 

A = 1 d:h 


• • • 


• « • 


( 202 ) 
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and tho corresponding (7*33) 

n 

^ s r " ~ - (20-21) 

h=^ld:h 

provided the limits on the left t xi$t. * ■ 

Similarly formula (11’31) gives 

Asl d-. h 

when ^ is not a negative integer, provided the A. M. V. exists; and 
(11'33) gives a corresponding forranla. 


21. Let p be a given prime number. 

Dt6ne /^(h) = 1, if H=p*, rsspositive integer. 

y^(«) = 0, if » contains other prime factors than p. 

A(i)=o- 

4i^(/t) = /-, if n=p^n\ «'^0 (mod p). 

4»^(m)s 0, if u^O (mod p). 

Thus 


00 00 

r = » = 1 


• • 


• • • 


( 21 . 1 ) 


From this we obtain in the osual manner 


H 


00 


• • • 


... (21.11) 


/•*! 

This resnlt is capable of the following generalisation. 

Let (P) = (p„, P« ) be a given finite set of primes. A m 

1 ) k 

Dumber. 

Define W»)=^- '* °P entirely of primes, belonging to 

the given s6t. 

/^(J*)=0, if» contains other prime factors than those be- 
longing to the given set, 

/^( l )=0 

k ^ 

and 4i/)(»)= 1 (l + 'i)-l’if »*“'• 


t=l »*=1 

j»'^0(mod p„ ! 1=1, 2, .., A). 
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Thos 


CO 


00 


( 21 . 2 ) 


( 21 . 21 ) 


” = 1 » = I 

from which follows 

i X' ~ 

h^l 

where the sam to the right is extended o^er Mi nomber. w,, made op 

eotirelj of pnmes bebngieg to(P). and not forming an r‘" power of 

k 

aoy factor of | | i?„ , r being >2 

1=1 * 

22. Comparing (12-1), (12.11). (1212) with the corresponding 

ll^r. = 4^(«). ... ... (22.1) 


whci*e 


n = l 


n = 1 


)=2^, 

•l:n 

</ : M 


... ( 22 , 11 ) 


... ( 22 12 ) 

provided ■ ““ '‘'"“''■“B 'nleresting reeoU, 

CO 


y ^ dtvergcff and both limits exist: 


n = l 


n 


2 


Lt A = 1 


m 

h 


n 


+ ('i) 

Lt A = l( 


^^00 n 


2 4(A) 


h^i 


n 




( 22 , 2 ) 


I 
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Ex 1. Lbt 


/(r») = p.»(«)) . 4 j(») =?*(»)) 

/,(«)='! 5 •Xn)=f(n); 


Tims 


n 


n 




h^l 


n 


6 

CO 

n 71’ 


2. 


h=i 


by (13.41), (13.12). 


Hence 


n 


\ A p.* {h) ^ ^ Jpg „ 

Zj h 
h = l 


Ex. 2. Let 


r /(») = X ( 5 ) ] ^ .+(")=*(») 

\ .ni n •■W'0=|0‘) 


Thns 


i: v 

4 A t> ^ X 


d-.h 
n 

\ 1 


— CO 


n 


L'^‘ 

A=l 

by (13.32). (I3.2i) 


A = 1 


Hence 




fc=i 


36 

7J* 


••t 


Ex. 3. Let 


/(«) = 4(»)’) • 4*(”)=« *1 

/,V)=„ ) •• 4^(»)=/(")i 


(22.21) 


(22.22.) 


Thns 


bj (13.22). 
Hecce 
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2 

n 

h=i 

^=1 

i _ 

n 


/t=i 

h=i 

n 

• 

2 "" 

»=i 

6 

— . IK 




TT 


n 


Potting = in formula (12.1), w 
the aid of (22.23) 

00 


e 


> 1 

J n 
n s 1 d i n 




CD 


= L din 


We know, however, from (11.12), that 

V = -L = A 

«* t,(2) -n'’ 

from which we concluile 

2 K-'). 

a formala, which is easily verified. 

Pormnla (22.3) muj bo written 



2 


... .,.(22 23) 

obtain from (18.3) by 

... (22.231) 

... (22.3) 


( 
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from which follows, by (12.12) 


« •« 


• •« 


• »« 


(23.31) 


I? : it 


VarioQS other general results similar to (22.2) may be obtained by 
Qsing Frobenias’s theorem with Bromwich’s extension (See Bromwioh, 
Jiijinitf S'.ric$, pp. 132, 313). 


23. ^•inversion of La'jnerri 's seriefi. 

Let in (12.1), /(») satisfy the condition (11.2), and ^-invert. 
The resnlt is 


CD CO 


/• = 1 n = 1 

Bence : 

... (23.1) 

^ p-OO /('O* 4^(-5) =1. 

il : )i ^ 

... (23.11) 

})Tov{ihcl aheays 

/(»t i>i')=fO“')fO’^')- 

...(23.111) 

Let now 4 j(“) satisfy (11.2), and /i— invert. 


We obtain 


r=l n=l 


n = l 

... (23.2) 

Hence : 


d : n 

... (23.21) 

for n>l, providvd alu ays 

;Jj(;h w') = 4^(»i)i|;(m') 

... (23211) 


We will consider a fo>f simple examples. 

Ex. 1. Pat 


/(n)=l. 4>(n)=t(»). 
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ilence bj (2311) 

IVw.'(5)=i=/w, 


(/ : n 


which is eTidentlj correct because of (1212) 
Ex. 2. Put 

/(«)=«■ ip('0=|f«) 

Hence by (23.11). 


/G)=' 

d: n 

Tlio last formula may be written 

j(5) 


1 

n 


. (,7) 

from which follows, by (12-12), (Id- H) 

•^^^^=V- = V i-i 

n ^ d „ „• 2^ 

d-n dm dm 

on eviclont identity. 


Ex. 3. Put 


/(»0 = 4(«)- 4;( M )= n . 


In ibis case, (23-21) becomes (22-3). 

For e.xamples of a more general nature use (at- /•/.■» 
arithm^elical fuaclions .|e6ne,. in § 3. (townr.!, tLo'end on’.’ 175° 


V. Differentiation of Laguerre's 


24. Tho series (12.1) evidently admits 
result may be written : 



Series, 

differentiation. 


The 


00 


V^) 

» *i 


n=sl 


n*. a**-* (l--3!)a 

”• +('0- -c”. <24.1) 


If we here pat 


n = l 






(24.11) 
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we 6 dc1 that the condition 

Lt , . . 

" “W 

is eatisSed. 


= 1 . 


... (24.12) 


Let 0<i/<l. 

1 + (1 +*/)+(! +y +!/’)+•.• + (1 4-J/+y’+.*- + y*^)>' 

>y^'\ l + y-"-’. + (l+y+j/’) + ... 

+y"+‘(i+y+2/’+ .••+«/"’*)• 


Maltiply by (1— y)>0. 

. n ^ (.n+\)y 


-y)- 


« • 


I- If" i-V*'"*" 


Square, put ij = -y/x, and uiiiUiply l>r a:)’, when we obtain 




or 

for 






... (2413) 


0<:a;<l. 


We luiiy therefore apply Uromwich’s iheoieuj I, on the left side of 
(24.1), usiog Ctsaro’s theorem on tlic right, when we obtain 


n 


OD 


... (24.2) 


n* Z-i ^ « 

/» = 1 j* 1 

protiihilihe limit eaieti- {or h mh to «), amt Ihr iLfus convages {or 

dive ryes to cc ). 

Wo may put (24.2) into a Bliglitly different form. 

# 

For this purpose, sissuino « 4* (»)=0 (") ’ 


(i : n 


d : n 
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Hence : 


n 


cc 


W''-0G) = 

b s 1 n^l din 


OD 


= 2 ^ 2 ^^) 


n\ 0 (il) 


... C24-21) 


fi f 1 J : n 

v&lid QDdcr similar cooditiuos. 

We will now consider some examples. 


• / ('*) • 
tmr ^ ^ ' tnui 


n 


2b. As in § 19., we have, putliugi^^ instead of f («) in (24*2) 
n 

2 




/^ = 1 d : h 

and similarly, tf the con^/l7t'•n (11* 2) is satisfial x 


... (25-1) 


n 


(2.2) 

;i = l (/:/, ^ 

alwiiys provUled that the linjits on the left exists and tljat^tho Diricblot’a 
series on the right converges. 


Ex. : For / (>i) = 1, formula (25.1) gives 


n 


i.2‘- 

5 = 1 d h 

probably valid for R (s)>l. 


... (25.11) 


The case « = 2 is particularly important. We obtain 

00 

'Ij (25.111) 


5=1 


m agreement with Diriohlot’s result, given in formula (13.22). Hence 
tho alternative result (sec p. 257 of the present paper) ia incorrect. 


H 


The case « = ! shows that ^ 5. f (5) is of an order greater 

5=1 


than 
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For /(«) = !, formula (25.2) gives 




.f-coL, 


(25.1) 


h=l d: h 
which for becomes 


cc 


2 

h = l 

in agreement with (13.32). 




... (25.21) 


Other special reeolts may easily be obtained in a Vaj similar to 
that of § 19 

The matter of § § 20, 21, may also be easily extended on the pre- 
sent lines. 

26. It is further evident that we may, by the aid of Bromwich’s 
theorem IT, obtain a result corresponding to (22'2). Under the same 
conditions as in § 22, we have : 


Lt A = 1 

H->0O „ 

2 /iW 

k = l 


n 


Y, * ■W'O 

U 


n 

k J-.('i) 

h = l 

From this result, new asyujptotio formula may be obtained 


(261) 


n 




Wo note (see § 22., Bx. 3.) cs» ^ , 

« 6 


A = 1 


But 


^A* = J«(» + 1K2»+1)<^^ 
h = l 
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Henoe 


n 


2 ’•h ~ " ■ 


• •• 




... (26-2) 


h^l 


form 


27. We may apply ^ inversion lo formala (24.1) written \a the 


CO 


CO 


♦» = I »J = 1 

hot the results are the same as those of 5 23. 


• •• 


(27.1) 


We will consider specially the formnla (U.22) (where the brackets 
in the denominator of the fraction under the sum should be removed), 
comparing it with the corresponding 


CO 


We obtain 


\ > ui(u)x^ _ x(l+x) 

A (‘-O' 

ii^l 


• M 


(27.2) 


00 




CO 




I 

1+i’ 


... 


(27.21) 


_i >* 


» = 1 


(•f) 


and hence 


00 


Lt '» = 1 

x^l » 




» = 1 '♦ 


1 

2‘ 


(27.3 


and (x) approach unitj in a different mannei 

Vt. Integration of Laguerre’s Series. 

28. Dividing both sides of fl> 1\ Ktr , ,, i • x 
obtain ^ integrating, w 


468 


log (1-*’') = - ^ a”, 


... (28.1) 


n = l 


n = l 


_Y1 4j(n) 


:«) Zj 


% M 

n^l 


d-z") » 


«=i 


... (28.11) 


no constant of integration being required. 


From this resolt we may deduce many interesting identities. 


We note : 


log I I (1 

rt = l 




n = l 


... (28.2) 


log I I (1 

n = l 


log I I (1 

n = l 


ti = i 

a") « =-x. 


' .r-. 


log 


4(n ) 

(I-?") " 


n :=1 


1 — 


... (28.3) 


... (28.4) 


... (28.5) 


29. Formula (28.1) may be wi iiten 




« = 1 


' 1. 




n = l 


f(n) log l og (l + xd--"+g”~* ) 

Zj n ' log n 


... (29.1) 


n = l 


log (1-^) 
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Pot 


log n 

Tit ^ / \ T 

■’ »w = i- 


• •• 




Also 


• •• 


... (29.11) 
... (29.111) 


... (29.112) 


^•''..(*)>‘'".>+i(®), 

.since the fi’aotion v „(j:) is<l for *<cl, and the namerator is increased 
by a euiallcr quantity than the denominator, wb^n v'„(*) is changed 
into y"„+i(a:). 

Hence Bromwich’s theorem I, may be applied to the series in the 
nnmeratorofthelasttermin (29.1), so that, in particnlar this series 
approaches 

^ /_(«) log « 

n = l 

if tlio latter series converges. 


Hence we derive the following theorem, by the aid of Cesaro’ 
theorem : • 


s 


n 


log 


CO 


i_ y il!L)cso V 

g» Zj n ^ ‘ n » 

A =1 n=l 

provtil>,l fJtr liim'f ixuti'atid the $crt%t 

CO 

^ /(^O log u 


• •• 


... (29.2) 


is convurgetit. 


«=i 


ti 


(This is of coarse only a particular 

whore Ihe condilion tor the rolidily of (29.2) is rhol^ToTa 1^,°°''''”' 
(29.1) shoald approach zero, as a teLs to „„^), ‘ 

30. A, a„ orampio of the last theorem, sabstitate la (29 2) 
Wo deduce, as in §§ 19., 25., 


n 

— v 1 V 

log « Zj A Zj ^ (0» 

« « - - 


• •a 




h = 1 

provided the^limit on the left exi^U and the Diriohlefs series eonrerges, 
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Th© last condition is obtained from the theorem • that if 
converges for 

CO 

F(.c) = - y ^ f(n)\og n 




• •• 


... (3011) 


converges for Hence, when R(,e) is equal to the 

abscissa of F(;;), a special examination is necessary. 

Kx. For /(») = !, formula (80-1) gives 


convergence- 








. (3012) 


h = 1 </: h 

which for s = 2 becomes 


II 


Zj 0 




. (3012) 


;i = i 


Under conditions similar to the above we obtain in addition 

}i n 


log 


= 1 il I h 
^ro\}i<h‘'1 fhii cojiihlion (11.2) is 7. 

Kx. For /(«)=!, formula (30-2) becomes 


««• 


... (30'2) 


n 


n 


j_ V - y ^ * 

Zj li* Z-i \>l/ '-(s) 

h = l il-h 

which for fi=2 gives 

V '"'‘'^-log- 

Zj h‘ Ti* 

h = l 

31. From (2S1) we dedace, potting /(n)= 


... (30-21) 


... (30-212) 


,i=\ 


tl ; « 


• See LandairTHa/iL/hHcA der UUrc von dvi- Verleilnny der PnmzahUn, 

pp. 108, 100. 



(31.1) 
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00 


Hence 


— S' 

.idf » V 6 n J 

n = l 
00 

^ ^ ^log (1+*+...+*''-^). 

«*1 


S'-/' — = \ ^log » 

Z-i >i\{} ), J ^ n* ' " 

«=1 N =1 


... (31.11) 


' '1 the series on the left converges.— This is a formnla very 
similar to (13.52). ^ 

Similarly, for / (»i)=^ («), 

-loBd-.) I; 1^1 ^ ... (3,2) 

»=1 «=I 

But the first term on the loft vanishes by (11.13), 

Hence 

00 

(1+..+ ...+.-) =-, ( 3 , 2 ,^ 

from which again follows the result (15.3) for .c^l, the scries on the loff 
supposed convergent for a;=l. « '»'-nes on the loft 

Br diSerenlialio. of (31.21,. or dioocti, f„u, (U.l), „o doduoo 

S ' 1 + 2 j + 3 /;^+ .. + (>1 — 1 ). *•*-» 

n=2 " !+•<+**+.. (31.22) 

This scries oscillates for 4 J= 1 . 

Wo obtain, however, symbolioallj 

00 (n_l). „ 

~ 


2 


— oo ~1, 


and hence 


n =:2 
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from whioh follows 


» 


2] P-W “2 

n = l 

We may therefore regard it as highly probable, that 


... (3U) 


00 

Lt 




1 X P-(")-»"=-2. 


«*4 


n = l 

1 his agrees very well with the theorem of Froheuius. 
fiod, patting 

n 


... (31.31) 


In fact, we 


«■(”)= 


... (16.12) 


7 = 1 


for N = 83, 01, 126,1 127, 128. 131, 134, lU, etc. 

N 

«=1 

exactly. 

VII. Conclusion. 


that 


In the pre-sent paper I have tried to show, 'how asymptotic formnlo) 
io the theory of nnmbers may easily he obtained in a manner, some- 
what different from tlie usnal. whioh rests chieliy on the theory of 
Dirichlet’s series. Incidentally I have derived many other interesting 
resolts, several of which appear to be novel. I have dealt mainly with 
the properties of a class of series, bearing the name of Laguorre, and 
closely associated with that of Diriclilot. Tlie literature, dealing with 
the latter class, however, is rapidly attaining enormous proportions 
while that of the former is very inconsiderable, except in the special 
case, known as Lambert’s series. Laguorro’s class of series thus 
deserves a closer attention than hithertt. has bee!» paid to it by workers 
in the theory of numbers. There is reason to holiovo that the theory 
of these series might be brought to at least the same degree of 
perfection as th.at of Dirichlet’s series at pro.sent. Probihly now light 
wonld thus be thrown on some of the most ditDcult parts of tho subject 
in particnlar on the still unproved, highly important, proposition of 
Riemann about the imaginary roots of the t;— function. Tho chief use- 
fulness of the series in question lies in the fact, Ifi.at they form a 
connecting link between Dirichlct’s series on one Imiul and ordinary 
power-series on the other, they being o.s.sociated in a simple manner 
with both. 
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SHORT NOTES. 

Note on Triangles inscribed in an Ellipse.* 


§ 1. Consider a triangle ABC inscribed in the ellipse 

u’ ^ b'‘~ ' 

and let the eccentric angles of its corners be a, /?, y respectively. 


If (a:, y) be tiie centre of either of the in and ex-ciroles of the 
triangle ABC, and Pf, p^, p^ the perpendioolars from its vertices on the 
line a: = X, we shall obvionslv have 

BC./'i±CA./'^± AB = 0 . 

But tlift equation of a circle having donble contact with the ellipse 
along a: = X is, 

+ 2,»jX + e»X’- 6’ = 0, 

and therefore, if tj. t, bo the tangents from A,B,C, we have 

/, = ./«, ; t^ = rpJ and 

and coQsecjuontly, 

BC. t,±CA. t,±AB. <3 = 0 ; 

which shows that the circnmcircle of ABC touches the circle having 

dcublo contact with the ellipse along the line x = X parallel to its 

major axis. Similarly for the circle having double contact nlong the 
line ij~Y. 

lienee, if the circle ABC be (x-/ 1 )’^-(y-^^)* = U^ the abscissae 
••V a;, of the four incenfres of ABC, are given as the roots of 

lleuco, if/-, p,' p,' and be the perpendiciilar.s from iho four 
iTicoQtres of Ai3C, upon a choril x = f/, 

= (S*H U*— ’l-AK’S' ^ 

= [5’-(K- 'r][5’-(U I r)*j=/*/'*, 

whore S is the distance between the cirenmeontre of ABC ami the 
centre of the circle having double contact along x = d; and < t’ 
the lengths of the common tangents of these circles From thi« 
ro.suh, ,t follows that if the circle round ABC were to loud, the circle 
f double contact. B.nce cither < or <' is zero, one at least of the quanti a 
/'I. Pi, p4 13 zero, so that the chord of contact with ir 
^■ssll,r o,gl, tl,o in.or of „,o IriaaX 

• K*iraoted from a paper road by rmhorbofor« 7^7. " i 

Indian Mathematical Society, December, 1910. f/Onforonco of the 
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Again, if («— X)*+(;/— Y)*— /-i*=0 bo one of these circles the lines 
throngh the origin parallel to the lines of intersection of this circle 
with the original ellipse, are. 

So that X— whore p is the radiant of the ellipse parallel to the 
chord of intersection. Bnt the invariant relation between the ellipse 
and the circle gives 

\'’A-X*0-|-X0'_A't=O 

so that r/>,'=0/A ; r/>.»/j,*=:07A and A 

and the relation 9*=4A0' becomes 4l/0|*/02*=0 

or / 0 ,±/ 0 ,±/o ,=0 

ix. the algebraic som of the three radiants is zero. 

§ 2. The following general results, which follow as corollaries 
from the preceding, have been kindlj suggested bj Prof. A. C. h. 
Wilkinson. 


If A6CD is a quadrilateral inscribed in a circle, the sixteen ins* 
uribed and escribed centres of the four triangles ABC, ABD, BCD, ACD 
lie hj fours on two of perpendicular lines ] 


Also, 




for anj incirulo 


Henco 




2 K 

J_ 

2 K 


4 


= U + '^if 

tx, tbc SQui of the radii of the circles inscribed id ADC and ACD is 
equal to thosam of the correspon'Hug radii of ADD and BCD* Wo 
have also similar theorems for the sets of escribed circles. Again when 
^T 0 make 

^’+iL*-l + X(.c-X)*=^0’» circle 

a* 6’ 

we also make + — 1+X(®— X)*+p, [(x — — 0 

a circle, and the radical axis with 


(x-/0*+(y-/0*— B*=0 
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IS the same for botli, so lhat if it toocbes the 6rst it also touches the 
second. Hence the point on the circle ABCL) where the circle having 
double contact witli the ellipse loaches the given circle is the same for 
all conics throngh ABCD. Therefore in the special case of the line-pair 
(as conic) we obtain the following tlieorem : 

If S|, are the points of conlacb of the 8 circles touching two 

given straight lines AC, BD and a given circle, then the same 8 points 
occnr also as the pointsS of contact of circles toucaiog AB, CD and 
the given circles, as well as of the circles touching BC, AD and the 
given circle. 

A. N. Raoiuvachar. 


On poristic Polygons. 

The following result (duo to Salmon) furnishes a simple method of 
determining the condition fortlie porism of a polygon in terms of the 
invariants of its inland circnm-conics 

If a ti'ian'jh' is ntFct tltfl a cf-mc S = 0 uhosc sidfs t<^uch 
th*: cynics 

S + fS = 0, 5'+ M.S — 0 and S'+ >^S=0* 


/; 


'i K n 


u h' r-. ®, ®', A, A' arc the invariants of //,■/ ermics S and S'. 

(Coaic p. 3*ld.) 

For, consider a polygon AiA^...A„ inscribe! in a conic S=0, and 
ench that all its sides, except A,A,„ touch a conic S’. Then it is scon 
that A, A leeches a conic of the fern. S- + ..S'=0, by a repoaloj annli- 
cation of halmcn’s theorem thns; put ( = ni=0, and ii = ;, ; then tha 
side A,A, of ihe tr-ansle A,,i,A. touches a coeio S +i.S = 0; ag.sia put 

rJ-n~ a‘" " ''''' ^ ii' + 

l.S-0 ■. cud so on. Now since eny side A,A, may be looked open »e 

the open aide of a polygon, it follow that A,A, toeehes a conic whose 

to tlie two tt, angles A,A„A„_, and A.A„..A„.,, we obtain 

On,- + 

'Jn simpIiDcatiuD those give th© resaU 


/ 

M,»| — 


+ 


4A' 1 
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ObvioQsly the condition that is necessary and sufficient for the 
polygon to be porislio is that ?i, „*0. 

Putting soccessiTely « = 3, 4 in the above recurring formula, we get 

4AAW,., = o'*-4A'©, 

and (©'*— tA'0)M,„=8A'(@'’-4A@'G+8A'*A) 

wlifch give the well-knov/n results for the case of the triangle and i the 

quadrilateral. 

This general niethoil is obviously laborious for higher values of 
but there may exist shorter methods for special cases. 

In the case of a pentagon, it is obvious that AiAj, AjA< may be 
taken to touch the same conio S'4-f,.|S = 0, while of coarse, AaA^ 
touches S=0. Directly applying salmon’s theorem, we obtain 

[0'-A/„»,]*=4A'[G + 2A1,.,] 
which gives on reduction 

(©■*-4A'@)'‘=32A'>A [e'*-4A'®'G + RA'*A]. 

Generally when n is of the form 2m4-l. it will bo seen that ?i, 

h, >»(!' 

Id the case of a hexagon, similarly it is obvious that the sides of 
the triangle AjAsA^all touch the same conic S — 0. Hence Sal- 

mon's theorem difeotly gives 

[G'-3A/,..]* = 4 [A'+Af.,'] [G + 3A?,.0 
On substituting the value of /•.» this will be seen to be equivalent to 
3 [®'a_4A'®}*-HGA'®[®'*-4A'®]*-|-fGA'*A®'(©'"-4A'®) 

-1-512A'‘A*=0. 

In the solution to Q. 831 (Vol. V. J.I.M.S.). Prof. Wilkinson has 
obtained tlie condition for the porism of a hexagon in this form. Gene- 
rally, when n is of tlie form 3p, Salmon's theorem directly gives the 
condition for puri.sm in the form 

[® — 3 Af„*^,.i]*= 4[A + A/„’'^4 j][© -f 3A/„ 

P. H. V. GUJ,A«EKnARAU. 


A Geometrical Problem. 

Giv>.h the circuiiiciiclc anti the orthneentre nj a titanglc in find the 
locus of the j‘«- and ex-c-nli'es. 

1. Let S, H denote the circumcentre and the orthocentre, and I 
the i'n or cx-centre. Then 

SI* = 2R.NI, ... ... (1) 

where N is the mid-point of SH or mutt ptdnts centre, and R the given 
cirenmradias. Thus the locus of I is detiued by equation (1), and is 
readily seen to bo a Cartesian. 
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For, the above eqnation may bo written 

+ ( 2 ) 

S being the origin of cartesian coonlinntes, ami N the point (c, 0). 

Equation (2) may again bo put into the form 

{ + } ^+4RX2c.c-R*_c’)=0, 

0*^ ... ... ... (3) 

whore s is a circle, a a straight lino and I the line at infinity. The 
form (3) shows that the locos is a cartesian, whose double tangent is 

«=0 ; the points of contact being tlio real points of intersection of the 
carve ami the cii'cle s. 

2. The focal properties of the carve are found as follows 


> 



TK tangent to the circle. Mea«nre TO, TO' eqnal to TK Then 0 O' 

are two foci of the Cartesian. ^ menu, U 


For, the circle OfCO’ lonches SK 
=OfC/0'R=:cot KO 0'=:»i (say) 


at K, and therefore SO/SK 


and 

Aho 


• • 



SO = mR. 
SO’ = R/»i, 
Sir.ST=SK*, 

7)1 ' 

c = R?n/(l f ni»). 
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Denoting 10, 10' by p, p\ we have 

/>■=(»— R»<)*+y*; 

/O -- - = (a* + y’ - R® ) ( 1 - »«•), 

,0’+»*y* = (a;'+i,*+R*)(H.m»)-4aMR. 

( } ’-24’ { /0’+M»/o'» } 

= C®’+y’-R’)’Cl-»i’)’-24* { (a:’ + /+R’)(l + m»)-4z»iR} 

= (l-w»)V+y’)’-2(** + j/’) { R*(l_m‘)’+4>(l + m’) } 

+ 8xk*ni R + R«(l - 7Jty-24*R*(l + ni*) 
=4*, after redaction by using (2), 
where 4’ = R’(l - ( I + ;,i>) = (SO'-SO) ’/(I + 1/m’) =0K\ 

Hence, the relation between p and p' is 

{ p-~m-p-^ } ’-2t’(/O’+m’/O'’) + 4* = 0, 

which can bo reduced to the form 

p±mp' ±k~0, 

shewing that the foci are 0, O'. 

3. Now p+wp'>}n(p+p'), since 7/i<l in the dgiire ; and (p + p’) 
>00’>K0' or Jc/iH. 

Hence p-\- inp'>k, for real values of p, p'. 

The cnjinjatc ovals are therefore given by p — uip' ±k^0, 
the upper and lower signs corresponding to the inner and outer ovals. 

4. The equations of (ho ovtibs in question may be written in the 
form 

p—p'- lan9±2a sin0s=O ; 
or p cos9-~/o' sin 0±a sin 20=0; 

if 2a is written for 00'. 

The fundamental property of this oval may therefor© be stated as 
follows ; — 

If I is a point on the inner oval, pro'luce IS to J such that J3 = Sr, 
and witlj J as oenlre and a radius equal to 211 describe a circle cutting 
the outer oval in I,. I.. I,. Then the system I Ij Tj I, will be ortho- 
cenirie, an<l tho harmonic triangle ABC which is insoribed in the circle 
S will have the fixed ]>oint H for its orthocentre. 


M. T. Naramienoar. 
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Astronomical Notes. 


In Memorium. 


Daring tho last two years the Notes under this bead were 
being written by Jlr. R.J. Pocock, B.A., B.So, F.R.A.S., lato 
Director of the Niznmiah Observatory, Hyderabad (Deccan), who 
fell a victim early last month to that fell disease, the Spanish 
Influenza. The deceased was much attached to his work at the 
Observatory, and in 1917 published a Chart*', which consists 
of a single circular dieo which can be made to’rotate so as to show 
at a glance Ihe stars visible in India for any hour in tho year, 

Very recently in the current year, H. E. H. the Nizam’s Govern- 
ment published his Astm.jr„j>h{c Catalngw," He wrote frequently 
in the Monthhj .Notices o/ th: i?oya?,As/A)jiymj'cuf Society ; and in 
India he appealed to the popular reader througli his charming 
weekly notes on astronomical toi>ics in the Miuhas Tiin<. t. Tlie 
ociety regrets the loss of such an "enthusiastic member; and 

bnUo'ns roorer for tho lack of his contri- 

In his memory this column in tho current issue has been left 

* dC&Qt* 
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SOLUTIONS. 

Question 930. 

(b, Malqari R.\o) : — Fill np the vacaut cells in (he following 6gure 

with the remaining numbers of the series 1, 2, 3 ..63, 64, so that the 

whole figure and each of the four corner snbsqnares of 16 cells may all 
be pandiagonal magic squares. (The figure of the question is the square 
printed below of which only the left hand bottom corner subsqnai'o of 
16 cells was filled np. Ed). 

Solution hy It. J. Pccccic, B M. Vasacatla B. Sc. and Sadanand. 

[.N . B . — Tlure is a misj)rint in the qnestion where the number 24 
n the cell (6, 1) shotdil bo 3J]. 

We may write the given (juurler square in the form 


Ux8 + 7 ; 

; 3x8x4 

4x8x6 

1 

1 

3x8+1 

4x842 

3x8+0 

4x8 + 3' 

3x8+8 

3x8 + 3 

4x8+8 

1 

! 3 X 8 }. 2 

1 

mm 

3x8 + 6 

4x8+1 

3x8+7 

1 

4x8 + 4 


We can constructs other cells in which the cofactors of 8, viz. 4 and 
3 aro replaced by 5, 2 ; 6, 1 j 7, 0 respectively, v.’e have then merely to 
the numbers 1, 2, 3. ..8 in the sub.squaros so tiial each and the whole will 
be a magic square. Wo begin by « rit lug tlown the numbcivs 1, 2, 3, 4 
arrange respectively in four supci jicsable solutions of tlie ciglit queens 
problem which aro consistent wiih ilie numbers already given. The 
remaining squares are then eadly filled in, adding we obtain the 
solution as folhiws : — 


5x8 + 5| 

2x8+2 

; cO ' 

+ ' 
^ X 

X 

1 

2x8+3 

'7x8+1 

6'7x8+4l 7 

. ' j 



ggn 

2x8+6 

"xH + 5 

- 37 x 8 + 5 ! 2 

2x8+1 

1 

5x8+6 

2x8+4 

1 

5 X H + 7 

57 x 8 + 2 ' 8'7x8+3i 

I 1 

0x8+5 ! 

5x8 + 3 

2x8+5' 

5x8 f.2 

4 

7x8 + 7 l|7x8+6 

4x8 + 7 

3x8+4 

4x8+6 

3x8 + 1 

6x8+3 

' 8 + 86 x 8 + 2 ! 8+5 

4x8+21 

3x8 + 5 

4x8+3^ 

1 

3x8+5 

6x8+6, 

8+l-:x8 + 7! 8+4j 

3x8+3 

4x8 + 5 

3x8 + 2 

4x8 + 5 

8+76x8+4 8+6|6x8+I; 

3x8+6 

i 

4x8 + 1 

3x8 + 7 1 

4x8+4 

8+26x8+5, 8+36x8+8' 

• 1 
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Question 945. 


(SiDAKAKD) : — Fill np the vacant cells of the fullowing magic 
square (The Square printed bt low with only the two diagonals 6lled) 


Solution (1) 6y B, J/, Va^aviula, B. 5c., (2) by ♦Y. P. Pan</y<2, 
(3) 6y E, Bauta Iyei\ and (4) by ^ft^hta KanhyalaL 


46 ' 

1 47 1 31 

{ 65 

16 

80 ' 

CO 

1 

; 39 

24 

5 

r>2 27 

1 

37 

84 

1 

50 ' 81 

36 

1 

38 ■ 

I 

1 '■'* 

2 58 

k9 

42 1 



46 

24 

66 

63 

16 

3 

54 

64 

3 

45 

20 

41 

1 

27 

48 

69 

63 i 

1 

50 

25 

35 j 

32 

M •) 1 

/3 ' 

' 36 

23 

1 

1 — i> • 

30 1 

43 



46 

1 

33 

13 

16 

1 

40 

i 64 

1 

30 

29 

{ 42 t 

1 1 

36 

21 

27 

41 

80 ' 

10 

50 

86 

35 

24 ‘ 

73 I 

1 23 , 

29 

37 

43 ! 



46 

44 

51 

1 

48 

16 

47 

1 

54 

37 

SJ 

28 

31 

32 

: 27 

1 

49 

66 

8 

50 ! 

1 

60 

1 

35 

• 

52 

7 

25 

30 

34 1 

43 
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Question 947. 

(M K. Kewai.kauasi) : — A triangle ABC inscribed in any ellipse 
tOQchos a confocal ellipse at the points D.E.P respectively. Show that 

the ratio of the triangle DEP to ABC is r/2R, where r and R refer to 
the triangle ABC. 

Solution (1) by K. B. Madhava and JhmraJ, (2) by A. C. L. Wilkinson. 

(1) It is known that D, E and P are the points of contact of the 
escribed circles of ABC with its sides : of. Smith : Geometrical conics P. 
179 Ex 68. (Hence the actnal areals of D, E, P are O, (s-6)/a,(«-c)/a ; 
etc. We have therefore 

ADEP 1 0 «— c 

AABC'rt*^ 

s—a 8 — h o 
= 2(s-a)(s-6)(s_c)/(t,ic) 

^2 -i ^ 

■ s. 4R^"2R- 

(2) Ihe ellipse in trilinears being lyZ‘^7nzx+nxy^0, wc have for 

the tangential eqoation of any confocal 

+ CO.S C— 22<- cos k—2i>r cos B)=0 

7'bis touches the sides of the triangle of reference if 

Thas we take yj+cz+a:y=0 for the ellipse circumscribing ABC 
and for the confocal 

*C *A *B 

pq 8in_-t-qr sin— sin— =0. 

« « A 

Tho tangential equation of the point of contact with (1, 0, 0) is 

• '0 . . *B « 

q sm —+r sm -^=0. 

Whence D is (0, s— 6, s—c). 

It follows that AF=CD = «— h ; BP = CE=<— a; AB = BD=.«f— c 
and the ratio of the areas of the triangles ABC, DDF is at once seen to 
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Question 948. 

(M. K. Kewalramani) : — A perfectly elastic particle, acted on by on 
forces is projected front the centre of a rectangle whose sides are 2 a 
and 2 6 (j > 6) to strike the bigger side first and then go on rebounding 
from its sides. If it ever pass through an angular point show that the 
direction of projection makes with the smaller side an angle whose fan- 

gent is ^ where m and n are integers ; and if it ever strike any 

point of the smaller side other than the extremitie.s, the tangent of the 

angle must be of the form — ^ ”4*1 

b 2m 


S'lluiton by S R, Ranganathan, 

Let the particle first impinge on the longer side at a distance of 
® from its midpoint. Then the angle of projeotionis tan"' | , so that it 
has to be shown that if the particle ever passes through a corner, x most 
bo of the form 

2 Mt + 1 

Measuring distances parallel t> tl.e longer side from its midpoint and 
neglecting the sense of the lUstnnces. it is easily seen, because the parti- 
ole IS perfectly elastic, that between two consecutive impacts on a longer 
side, the particle is carried through a distance 2,r, irrespective of its im- 
pmgiDg on a shorter side in the interval. 

Hen«, after m impaotal at the longer sides, the particle will be 
ala distance of (2 n.+l,«. ,f it 

distance most be n, or (2 n+1) a, a being any integer. Henos, we get 


a= a_(2« + l) 


2 rn + 1 

The second part of the qnestion does not seem to bo correct. For 

7T 


taking the simple ease of a= I 6 and the angle of projection being.J! 

according to the question tan f... 1 must be of the form 

^ ^•*+1 ■ 3 2n+I 

6* 2m 2* ~2nr 

— :r rz - 1 
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Question 949. 

(C. Kbisunamachabt) :_Wit}i the nsiial notation for the nambers of 
Bernoulli and Euler, show that 

+ (- 1 /’• B„„,2^'’-»(2*"- ^- 1 ) ^ j ... + ... 

-B,2*(2>-1)(2'*+*)+C2« + 1 ). 


Solution by Ilfrnraj. 

(1) This is given in Ibe reverse after pottiog 

in Art. 575 (7) of FAwsinU Difl. Cnl. 

(2) Following the notation of Arts: 571, 572, 573, we hare 

ain « = co3 t P S,^+S„^+Ss|^+ J 

Expanding sin * and cos x, an l equating the coefficients of tve 
get 

d'C — 1)" ... ... ,,, (A) 

Again secx+tan * = 1 + S,p+S, S,^+ - =‘r(9a7) 

Differenting 

sec * (sec x+tar. x)=^^ i.c. sccx+tanx =co3 

tlx ax 

Eqoating the coefficients of a"", we have 

2mCjS2„.i ••• (“ 

= -’"COS, 

+ + from (A) 

= 

(-l)''(2n + ]) K„ = (-1)„B"2’'‘(2’"-1)(2'‘ + 1) 

4- (-l)’--’B„.,2”'->(2^"-*-l) 
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or 


tan i = Sia:+S,|-|+ 

Differentiating seci = co3 x [^S, + S,^+...J 

= [*-^!+ -] [ S. + S, 5^+...] 

Eijuating coefEcients of j:*", we get the result stated. 


Question 950. 


(C. KRisQKiMACiiABi) Collect the coefficients of x” in (he series 

a:* 1.3.5 a' 


1 a; . 1.3 a:* 1.3.5 


1-a: (l-*>) + 2! 3! 

and show that their sam is zero when n is odd, and is 


when u is 2»i. 


^ 1%"‘ 1-3.5... (2 wj — 1) 
^ ' '2A.(i (Twiy 


Solution bi, llernraj, Sa.lanafid, A!j>ha, II, M, Vasavada q>kI 

S. li. liQit'janut/i 1 It. 

The given scries io cqnal (o 

1 r i 1 / 2x \ / 2x \ • -I 3 5 / \ • -» 

1 ^ I ' -= ( 1-7) + 2 ! ( i_-J - "sr- ( 17-J + - } 


1-M 

' 1 - -) + 



1 

fl+ 

1 -* 


J , 

<l-*\ A 

1 -** 

UTx/ 


= (l-x’) 


T,. . , ^4.6. (2»r)-' •+••• 

ino absence of an odrl y^awam ^ 

lb« cooffident of x" is wiL » i. ocw/ 

The coefficient of l 3....(2 »t— 1 ) 

, 2A~ U,n)~' t^at the sum is 

1.3.5.. ..(2ni-l) ^ 

2.4.0. ... ( 2»0 '* o,,naI to 2».. The factor (-1)- ^Jth which 

tt ,s multiphed in the question as printed is incorrect. 


5 
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Question 951 

(C. Kbisuxauachart):— P rove that 

7X 

~ /I 

(1) r (log tan ar) dz=^^'tt 


o 

m 


( 2 ) 


f * 

9 />/\Q 


tdD x) 




o 

-n 


zDb 

ood 2 (co9 x+sin 2 ) 2n ” * 


(3) 


-j- i«-4 1^ 

r Qog_t^ 

J 008 2 a? ’ 


o 

7T 


i- 




=-V''”'’' 


jSo7«^i o>i (1) 6y C. L, Wilktnsoit ; (2) by Ucuii'oj 
For (4), we have 

l'(fer'.x= |;j\,og.rvd. 


r=0 
00 


jti-i 


_ V (2d-1) 

Zj(r+1)^ 


B 


2d 




(See ; Carr : Synopsis, It 2395 --2397, whence the formula 

00 t«-J 

derived ; also, Ramanajan : I. M. J., Yol III, i>> 226.) 

For (2), write a^ in place of x and use the formala 


2a; 


1—** 1— « l + « 

For (3), add (2) and (4). 

For (1), we repalce it by 

(loga;)*",^_VV ^ <2») ! 

_r^da;-2,( 


f 


o • O 

— mx 


In this write and deduce theintegraU 
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/ 


^ cosh 2aa? , 1 i 

a2;=-sec a, I 


cos 2ax j I 1 

— j aa:=-rsech 

O C09Q vx 2 


^ cosh Trx 2 

(See Boole ; Ftntfe J)ijfer€fic<:$ p, 110), 




[Compare also : Bromwicli Tnfiutte Strtce—pp, 452 and 473.] 

(2) In each case the resnlt follows bj potting log tan »=:3 and 
applying Edwards, Calc. § 574. 


Question 95a. 

(Heur.u): — T he polar reciprocal of an eqaiangolar spiral with res- 
pect to a rect. hyperbola having its centre at the pole and toaohing the 
spiral is the curve itself. 

Solution (1) by Sadanaiid, (2) by Alpha and L. S. Vaidyanathan, 

Satiaiiatul. 

(1) Let the hyperbola and the spiral b 0 j>r=a*, (2) and r sinas/*. 

Then if (R,/?) be any point, its polar with respeot to the hyperbola 

is r cos (0+/?) =%-. 

R 

I 

If it touches the bpiral, then^=jj = r sin a, giving Rr=^T^. The 
symmetry of this result shows that the polar will tooch the spiral at 

Also it is clear that the corves touch whore R = r and hence the 
result. 

(2) Lot the rectangular hyperbola ber*cos 20=c*,and the spiral bo 

^^^^Gcota. 

These two touch at the point whose vectorial angle is i (it— a), if 

a )cot a 

c*=a*. sina.f ^ , ... 

Now, the tangent to the spiral at (r^, 0,) is 

T' 00 a (0 — 0,-90+ a) = r, sin a =o.Bin a . e^* ^ . 

i.e. r-8m{a+0,_0) = a8ina ... ... ( 2 ) 

If the pole of this with respect to the rect. hyp. be (/0,<^>), its 
equation must bo identical with 

r. coa(0+<^)=o*. ... ... (3) 


... ( 1 ) 
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Hence equating coeffts of rcos 0 and fsxn 0 in (2) and (3) wj get 
sin (a+ 0 ,)_ccs. (a 4 0 i)_a.e^' '"‘sin a 


whence 


and 


or 


TT 


p, cos 4 P- sin <f 

tan 4 = - cot (a 40 ,), or 4 =s-^ — (a + 0,) ; 

1 _«,0. cot 
p c* 


n sin a e 


— a— )cot a 

'2 / ^ cot a 


( 2 ^- — a ) cot a 
o’, sin a f' ^ 


II 


^ 4 cot a. 

p=a 


Hence the polar reciprocal is tlie locus of (p, 4 ) and is the original 
spiral itself ’ 


Question 953- 

(CoMMONiCATEP DY Heura.i) '1 wo of tlio common tangents to a 
circle Sand a C(uic T meet in P and the other two in Q. Show that 
P and Q lie on the earoe confocal to T. 

Sohitirftt by A. 0. L. Wilkinsot*. 

Consider the following theorem. 

S. S' are tico conios, 0 is a c-^nic havixiy double contact icith S, then 
a er/r.ic cm be described thn-mja th>, inb rsections of S' and C ichich xcill 
touch a pair of common chords of S and S' at th<‘ points u h- re the chord of 
contact of the conics S, C metis th m. 

Lot AB, CD be a pair of common chords of S and S* and take ABC 
as triangle of reference i so that 

S is jr-f ci+*y=0, 

S' is ayz+h:x-i-cxy =i0. 

Then CD is (a— c) y+(,b—c) x=.0. 

Then C is ay+j=+2a.-f-(X*+/iy+t'-)*=<^» 
and consider the conic 

xy + yz + =g-^i\x+iLJj + Vzy-~ (ayz + b:x + cxy)=0, 
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This passes through the intersectiuos of S' aod C and since it can be 
>Yritten 

z{ (c — a)’y+(c-6) ar } +c(\x+ p,i/ + Vr)*=.0, 

it is a conic touching - = 0, (c — a)y + (c — 6) x = 0 at the points where 
these lines are met by /xy + Vr =0 

The reciprocal theorem is 

S. S' are itco conics anJ C a cctitc haeiuQ double foUact icifk S» lh<.n 
a conic can te described touching the four common iaugt,nts of C and S' and 
passing thr(tugh two of th> opp*>sit^ verticee of the gundnlaUral formed by 
the four commtfn lang.n*^ (o S and S' and the tangents at these points ars 
the lines joining thm to the of the chord rf co^ tiict of the c(mics S and C 
with rt^^-cf to S or V. 

Let C do^renorato to two points on S and ilicn project those points 
into tiie circular points at inQinry and t)ie theorem as stated follows 
with the additional theoi'om that the tangents at P and Q to the confocal 
passthrough the cent re of fhegiven circle. This is of coarse immediately 
obvious geoinetricully. 

It is carioas to notice that we can project this theorem into its own 
conver'ie, for if we project P, Q into the circular points at infinity, the 
theorem to bo i»roTcd becomes : 

If jroni tivo p4Hnts Cly Cl' lying on a conic t* Itingenls he drawn to a 
conf eal Sy these laugents tcill touch a circle. 

To prove the theorem in this form, reciprocate with ret^pect to a 
focus, and wo get the following fhr»orcni. 

// ^co tangents t) a circle meet another circle in four pointSy these fon. 
points lie on a oviic hating me focus a limiting point of the two circles 

This may bo proved follows ; — 

Take the pair of tangeota 

S T— A (/x+ my+n)*=0 

to the circle S=0 and consider conics through ehoir intersection with 
S =0, then if S+X S'^0 bo a point circle, 

(S+ X S') A + + 

is a conic fultilliug the required conditions. 
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QUESTIONS FOR SOLUTION. 

998 (F, H. V- Golasekuaram) If ; 

Sr = 8n («n *): c,=cn(u„ fr)^,=dn («„ k) i 


«r = 


— . ' _ dev. _ ‘dd, 

— ^ ^ r— ^ , 

ou^ OUr OUf, 

prove that E (»i)+E(«,)+E(tt,) + E(w,)-2E (as) 

4 

**c,c,cjc, 

r = l 

^ 9D z dn r on(a — CD(a!— u,— u,) cn ( a — « , — u,) 

A*— A* CD * cn (x— cn («—«,—«,) on(*— «< — Uy) 

hy Q. 973.] 

Prove also that tho above expression is eoQal to the svinmetrioal 
result 


^ 4 4 

A’A'* «,W( 2^7 + AV,rs/v, ^ ^ ^ 

/• = ! r=l / = 1 


cfV 

dr 


V^h*k\iSxffS\ “AVjC^'jCi + d^(i/i:^x. 

999. (Lakbuuishankar N. Dbatt and K. J. Sanjana) : — Provo that 
the following function of the four qunntities p, q, r, 

2Ei) V + 2 V?*'- - - 4£i^ Y-g Vg*'-’ 

is equal to 1536 cosec* 4a, when 9 , /, »' stand for the tangentsor 

cotangents of the angles a, a + -H, a +^, a +^-^. 

4 4 4 

Prove further that the same function has tho value 8 cos'^ 2a, when 
p, q, f, s stand for the sines or cosines of tho angles 
, TT , 2n , SvT 

a, <. + -^,a+ 

1000- (K. J. Sakjana) Provo that 
(ti— !)"*+(» + l)“*+(3'i — 1)"^ + (3H+1)“*+C5n— l)“‘+(5a+l)**+... 

= -^seo*w (3 soc’y"*^), 

48/»‘ ^ 

(„_l)-s_(n+l)-®+(3»— 1)'*— (3 h + 1)"*+(5»— 1)"® — (5n + l)-*+... 

= J!lltan y seeV (3 sec*y — 1),— 

S6h* 

whore y=-Tf/ 2 « and n is an integer greater than onity. 
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lOOr (K. J. Sanjani, M.A.) : — Prove that 

= ^^cosc*y (cosc’y— 2). 

l+(2n-l)-“+(2«+l)^+(4..-l)-'+ 

^^,cosc*y (15 coso*y-15 cosoV+2), 
l + (2«-l)-^+(2« + l)-'‘+... 

= co3c*y-420 cosc‘y+126 co9cV-4),- 

where y='rr/2B and n is any positive integer. 

1002- (N.P. Pandt.k) : — Find the lowest prime nnmbers which can 

be arranged into a magic sqnare of nine cells. Also 6nd a magic sunaro 
of nine cells, all numbers in it being perfect squares. ^ 

1003- (S. R. Raxo.vsathan) If 4 ,, ( z ) stands for the nrh 
Rernoolli’d polynomial, show that 

- - (i)j. 

according as n, which is greater than 1. is odd or oven. 

Kf‘Is^^■A^.ACIURI) :-Show that the effects of the elliptic 
Respectively by"^^ °° aberration m latitude and longitude are given 

-C sin /? [sin (©— \)-c sin (a-\)] 
and ~C seo [— cos (®--X) + e cos (a— X)] 

where 2ra_I7.T.C. Vl-e* sin 1" the notation being as in , Ball's 

apncrxcdl Asfronotny. 

1005. (K. B. Madhava) Show that when Lcl^-l an/t 1 

of 3 18 positive and less than 1, rci-j)= Hq, 


*->.1 


n=:l « 


however, becomes in6nite like the senes 


r(a+6) , / 1 \ 

r(a)r(6) ‘°8 (i— ) • 

1007. (Alpha) : — Prove that if 

1-21+3 !-41+..., 
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then ;(1!)-2(2!)+3(3!)-4(4!)+...=1_2S„, 

1-(1 !)-2‘ (2 !) + 3* (:i !) _4' (4 !)+...=5 S^-2 ; 

ami generally !(_)"-« („ !) is of the furm aS„+/?. where a and /} are 

integers (positive or negative). 

(Bromwich : S'.n\s, p. 492, Ex. 21) 

1008 (Commanlcated by Mr, Mai tyn M. Thomas) j— If I„ is 


-■71 

written for the integral Jo oos 2 log (2 cos i «) rf*, 

o 


prove that i I„.,— 

“ »+l 27 i ( o + 1 )( 2 « + 1 ) ’ 

and deduce that 


2 « I 


f| 



w~ 

3^5 


_i— ^ -JL 

2«-iy 4' 


1009- (CoMMirNKATED tsr JIr. Hi:>iRa.i) A B C is a Iriangle ; 0, P 
are its circomcentre luid ortliocuiuro. If 0 P meet? All. AC in B,. C, ; 
prove that the join of the circumcenfre and the ovthoconlre of ABiC| 
is parallel to BC. 

1010- (K. J. Sasjana. M.A..): — Solve the equation x*+j’’£=u ''4 fc* 
where o and 6 are given positive quantities and x and y are required 
to be postive. Examples : — 


x>+j’ = 19= (I j V Q) y +!/’ = 9I =4- + 3'. 


1011- (SELECTtii): — In an ellipse tlio tangent at P outs the direc- 
trices in Z, Z', anti the remaining tangents from Z. Z' to the elHjise 
meet at T. Shew that P T is normal to the ellipse and bisculed liy the 
minor axis. 


1012- (N. Sankara Aitar) : — Solve 

(1) zU 12x'+4ox*-M00x + 120x»+78x+2I-0 

(2) 2xN I2x*+30xN 32«+12=0 

by expressing the loft hand members in the forms (A® B'') and {A‘+B‘), 

respectirely. 

1013. (S. R. Ranoanaduan) If N=tf,o,o.,oj wliero the (i*s are 
mutually prime integers .'ihow that (ho prodnet of the numbers less 
than N and prime to it is given by 

(0,0,0,-/,— 1)J_1 |(aiai— 1) ! 

T014, (S. R. Ranoanaduan); — Provo this extension of Wilson’s 

Tbeoreio, If m be any nonprime number, then 

rn — I III — I 

7T(/(7/i) 4-(1 — 1) = *3®^®** 'Tid(»04'( — ) ^ SM when »« 


is odd whore ^(/(/'c) denotes the product of numbers less than in and 
prime to it. 
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